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PREFACE. 



In this book nothing more has been attempted than 
an introduction to the subjects specified, and a logical 
application of the principles of Trigonometry to them ; 
so that a student, faithfully mastering these chapters, 
may understandingly pursue the subjects in larger 
treatises. 

In the preparation of the text, and in the choice of 
examples in the chapter on Surveying, the author ac- 
knowledges special obligation to " Gillespie's Land Sur- 
veying," from which he has received valuable hints. 
" Bowditch's Navigator " has been frequently consult- 
ed, both for the definitions and for the materials of the 
text in the chapter on Navigation. In both these chap- 
ters, however, the author has used his own methods in 
presenting the subjects. 

Articles referred to by number are to be found in 
the author's " Elements of Plane and Spherical Trigo- 
nometry," already published. Other references are 
to " Todhunter's Euclid " and to " Chauvenet's Geom- 
etry." 
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CHAPTEE XVI. 

APPLICATION OF PLANE TRIGONOMETRY TO SOME OF THB 

PROBLEMS OF MENSURATION. 

Art. 165. To jmd the area of a trianghj two sides 
and the included am/le hemg given. 

Suppose the two sides J, c, and the included angle 
A of the triangle ABC are given ; to find its area. 




JB B 




Let the perpendicular CD be drawn to the side (J, or 
c produced. 

CD = h sin. A. ((1) Art. 30), (Art. 46). 

Area = i c X C[Z? (Ch. 5, IV.), 
= i Jc sin. A, 

Therefore^ the a/rea of a triam^fle is eqiuxZ to one-half 
the product of am,y two adjaoent sides rrmiltiplied hy the 
sine of the vnduded angle. 

166. To Jmd the a/rea of a t/ria/ngle^ of which a side 
a/nd two adjacent angles are given. 
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Suppose c and the angles A and B are given. 




- sin. ^ osm.B ,. ^ .^ - .^. • 

l = cx -T-— ^ = . /^ . px (^^^- *8 and 46); 
sm. (7 sm. {A + B) 

. , , . ^ ^ sill' A sin. ^ 

Area = * 6c sm. -4 = - -; — ri '^* 

* 2 sin. {A + B) 

167. 7b find the a/rea of a triangle^ of which the 
three sides are given. 

a, J, and c being given, it is required to find the 
area of ABO. 

Let = s ; then = « — a ; 

=zs — o\ and r = « — (?. 

2 ' 2 

Area = ^ho sin. ^ (Art. 165). 

= Ic sin. i A COS. ^ ^ ((a) Art. 73). 

= he |/ (^-^)(^'-^) X >/£Ji3 



((5) and (7) Art. 61). 



lo 



Ic 



jjs (s — a){s — h) {s — o). 



Th^efore^ the a/rea of a triangle is eqiial to the 
square root of the jprodud of fov/r factors; viz.y the 
half sum of the sides a/nd the three qua/ntiUes obtained 
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hy taking each one of the Bides in aicccession from the 
half sum. 

Example 1. The two sides of a triangle are 46 inches and 66 inches, 
and the included angle is 14° 10'. Required the area. 

Solution: Area = — sin. 74" 10' 

= 140101 sq. in. 

2. Two angles of a triangle are 62° and 40°, and the side adjacent to 
these angles is 82 feet. Required the area. 

(82)" sm. 62'' sin. 40" 

- ^'* = 2 sin. (62° + 40°) = ^^^^'^^ '^"*^" ^"^* 

2 log. 82 = 3.827628 
Log. Bin. 62" = 9.946936 

Log. sin. 40° = 9.808067 

Ar. CO. log. sin. 102° = 0.009696 

Ar. CO. log. 2 = 9.698970 

Log. 1960.72 = 8.290196 

3. The three sides of a triangle are 80, 90, and 100 feet respectively. 
Required the area. 



Solution 


• 

9 








Let a = 


:80 and 


8 - 


- a : 


= 66, 


h = 


90 


» 


-6 


= 46 


e — 


100 


8- 


— c 


= 36 



Area = a/^^^ x 66 x 46 x 86 



Log. 186 = 2.180884 
Log. 66 = 1.740363 

Then 8 = 136, s7^8 =l36 ^S' *« = 1-««8213 

Log. 36 = 1.644068 



7.067978 



Area = 8419.71 square feet. Log. 3419.71 = 3.633989 
4. Find the area of a triangle, of which two sides are 76 feet and 126 

feet, and the included angle 115°. Ans. 4248.31 sq. ft. 

6. Find the area of a triangle, of which two sides are 4 feet 2 inches, 

and 6 feet, and the included angle 126°. Ans. 10.24 sq. ft. 

6. find the area of a triangle, of which one side is 16 inches and the 
adjacent angles are 36° 10' and 76° 16'. Ans. 76.086 sq. in. 

7. Find the area of a triangle, of which the three sides are 348 feet, 
192 feet, and 620 feet. Ans. 1 R., 26 sq. rd., 9 sq. yds., 6.9 sq. ft. 

8. Find the area of a triangular field, of which the three sides are 41.2 
chains, 83 chains, and 66.2 chains. Ans. 673.409 sq. ch. 
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9. Find the area of a triangaUr field, of which the three sides are 21.6 
chains, 14.1 chains, and 81.42 chains. Ana, 129.287 sq. ch. 

10. Find the area of an equilateral triangle, of which one side is 42 
feet. Afu, 763.83 sq. ft 

11. Find the area of an equilateral triangle, of which one side is 5 
feet 4 inches. Ana, 12 sq. ft 45.6 sq. in. 

168. To find the area of a parallelogram. 
Let J.^CZ?beaparal- _^ 

lelogram. Draw the diag- 
onal BD, Denote the 
sides, AB and AD by a 
and h. 

ABGD = 2ABD (Euc. 34, 1. Ch. Art. 105, 1.) ; 
= db sin. A (Art. 165). 

Therefore, to find the area of a parallelogram ; m^o^- 
t^eaivy two (idfacent sides and the ificlitded <mgU mvJr- 
tipJy together the two sides and the sine of the indvded 
a/ngle^ amd the product wHl he the area. 

169. To find the area of any qiiadrilateral. 
Let B CDF he any quad- 
rilateral. 

Draw the diagonals, BD 
and OR B^ ^ ^D 

Denote the angle BAG 

BODE= ABC+AGD + ADE-{- ABE. 
Area ABO = i AB y,ACsai.A (Art. 165). 
Area AGD = iAGx AB Bin. A (Arts. 165, 46). 
Area AED = ^ABx AEain. A. 
Area ABE- i AEx AB sin. A. 
.'.Ajre&BCBE=:i {{AB-j-AB)AG-[-{AB + 
AB) AE} sin. A. 
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Area JBCDE= i \BD {AC-^ AE)} sin. A. 

=ziBDxEG&m.A, 

Therefore, to find the area of any quadrilateral, 
measure the diagonals and the angle which the diago- 
nals make with each other / muUij>ly the product of the 
diagonals hy the sine of the angle^ and di/vide the result 
h/ two. 

Example 1. Two adjacent sides of a parallelogram are 16 inches and 
18 inches, and the included angle is 86°. Required the area. 

Ana. 16 x 18 sin. 36" = 164.8666 sq. in. 

2. Two adjacent sides of a parallelogram are 2 feet 3 inches and 1 
foot 8 inches, and the included angle is 66° KX. Required the area. 

Ana, 3 sq. ft. 11.24 sq. in. 

3. The two diagonals of a quadrilateral are 16 feet and 30 feet, and 
the angle, which they make with one another, is 40°. Required the area. 

Ana. 164.269 sq. ft. 

4. The two diagonals of a quadrilateral field are found to be 18.26 
chains and 16.61 chains, and the angle, which they make with one another, 
is 76° 16'. Required the area. Ana. 13Y.823 sq. ch. 

6. One of the angles of a rhombus is 60°, and the diagonal, drawn 
from this angle to the angle opposite, is 20 inches. Required the area. 

Ana. 116.47 in. 

6. One of the sides of a rhombus is 16 indies, and one of the angles 
is 66°. Required the area. Ana. 212.234 sq. in. 

170. To jmd the area of any regular polygon^ each 
of whose sides is equal to the unit of length. 

The nurnber of the sides of the polygon will vary 
according as the polygon is a pentagon, hexagon, and 
so on. Let n denote this number; n will, therefore, 
represent 5 in the pentagon, 6 in the hexagon, etc. 

Suppose a circle to be described about the polygon 
(Ch. 2. v.). Then the polygon can be divided into n 
equal triangles, by drawing radii to the angular points 
of the polygon. 



MENSURATION. 



213 



Each of the angles at the centre, subtended by a side, 
is equal to — ;;— . (Ch. Art. 7. V.) 



n 




Suppose A to represent one 
of these equal angles, subtended 
by the side JBC, which, by hy- 
pothesis, is 1. From A let fall 
the perpendicular, -4J9, to BC, 

^i>bisects^C^(Euc.3,m., ^ 
Ch. Y, II.), and, therefore, bi- 
sects the angle BA G (Euc. 4, 1., Ch. 20, I.). 

AD is the apothem of the polygon (Ch. Art. 6, V.) ; 

AD=zBD tan. B ((2) Art. 32) = i X cot. BAD 

i ^ . 360^ . ^ , 180^ 
= i X cot. — — = J X cot. 

Area of the polygon is equal to 
(Ch. 8j v.). 



n 



n X BG X AD 



2 



n 



. • . Area = - X i X cot. 
2 



180^ n 

= - cot. 

4 



180^ 



71 4 n 

171. To Jmd the a/rea of any regular polygon^ the 
length of one of its sides being given. 

Let n denote the number of its sides and I the length 

of one of its sides ; then the 

^n ^ 180° 

Area = r -: cot. . 

4 n 

Denote by a the area of the polygon of the same 

number of sides, each of whose sides is 1. Let A be 

the area required, then — 



214 APPLICATION OF PLANE TEIGONOMETKT. 

4 = 7 (Ch. 9, IV.) ; 
a 1 

.' . A = r X a = rx-7 cot. . 

4 n 

Therefore, to find the area of any regular polygon, 

multiply together the sqicare of the length of a side, the 

numher of the sides, and the cotangent of half the a/ngle 

subtended Jxy a side, and dimde the product by 4. 

ExAMFLE 1. Find the area of a regular pentagon, each of whose sides 

5 6 

is 1. Ans. Area = - x ^ cot. 36° = - x 1.87638 = 1.720475. 

2 4 

2. Find the area of a regular dodecagon, each of whose sides is 1. 

Ant. 11.19616. 

3. Find the area of a regular hexagon, each of whose sides is 6 inches. 

Ans. 6^^|^sq. in. 

4. Find the area of a regular decagon, each of whose sides is 8 inches. 

Ans. 492.429 sq. m. 

172. Tofnd the length of an a/rc of a circle whose 
radius is given, the numher of degrees, minutes, or sec- 
onds in the arc hemg also given. 

Let n denote the number of degrees in the arc, or 
its subtended angle at the centre, n representing any 
number, integral or not integral. 

Thus, if the arc be an arc of 4°, or subtends an angle at the centre of 
4**, n would be 4 ; if the arc be an arc of 3", n would be y^(nr or t^^^ ; if 
the arc be an arc of 3° 4' 22", n would be 3^^ or Z^^. 

Let a be the arc whose length is required, r the ra- 
dius of the circle, A the circular measure of the sub- 
tended angle at the centre. 

^ = ^ (Art. 80) = ^ (Art. 83); 
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.•.« = -J^(Art. 83). 

173. Tojmd the length of cm a/rc of a given radius : 

1. The chord being given ; or, 

2. The distance of the chord 
from the centre being given. 

Denote the radius JSA by /•, 
the chord BChjCy and the dis- 
tance, ADy of the chord from 
the centre, by d, AD or d bi- 
sects the chord BCy and also 
the angle A. 

BB c . . A 

1. -77-7 = -r- = sm. BAC=6Wl. —-. 

BA 2r 2 

Thus we can find the degree measure of A ; that is, 
of the arc BC (Ch. 20, II.). Then we can find the 
length of the arc, by the previous article (172). 

^ , . AD d A 

2. Again, -j^ = - = cos. -. 

From this equation we find the degree measure of 
the arc BC, and then the length of the arc by Art. 

172. 

/« 

From 1, ^ = 2 sin. -^ -— (Art. 76), where A de- 

2r 

notes the degree measure of the angle A, expressed by 

n in Art. 172. a denoting the length of the arc BG, 

c 



In same manner, from 2. 



irr sm. 



— 1 



2r 



90 
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irr COS. * — 
(J) a = • 

Example 1. Find the length of an arc of 22° 80' in a circle whose nu 

A- ' A' ^. ^ A 22i X 3.1416 x 4 3.1416 , ^^^^ . 

diufl 18 4 inches. Ans, — = -— = — - — = 1.5Y08 in. . 

ISO 2 

2. find the length of an arc of 6° 12' in a circle whose radius is 2 
feet 6 inches. Ans, 2.723 in. 

3. In a circle of which the radius is 12 inches, find the length of the 
lesser arc, the chord being 6 inches. 

8.1416 X 12 X Bm."» — 8.1416 x 12 x 14 — 

. 24 3600 
Ana, a = — — — — = . 

90 90 

6.2832 X 14.4776 ^ ^^^ , 
= ^ = 6 064 in. 

16 

4. In a circle of which the radius is 3 feet, find the length of the 
lesser arc subtended by a chord, of which the distance from the centre is 
1 foot and 4 inches. Ans, 6.66 feet. 

6. The diameter of the earth being nearly 7920 miles, what is the 
length of a degree at the equator? Ans. 69.116 miles. 

174. Tojmd the area of a sector of a circle of given 
radiiLs : 

1. when the am,gle of the sector is given ; 

2. when the chord of the sector is given. 

Let n denote the number of degrees, minutes, or sec- 
onds in the angle of the sector, r the radius of the circle, 

and A the required ^rea. 

rwrr 
The length of the arc of the sector equals — - 

(Art. 172). 

{a) A=^rX length of 'the arc (Ch. Art. 44, V.) ; 
substituting value of length of arc, 
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Let denote the length of the chord of the sector. 

TTT Sin. 1 -—- 
The length of the arc = ^((«) Art. 173) ; 

substituting this value in (a) 

irr 9in. ^ — 



(2).-.^ = ^. 

^ ' 180 

175. To find the area of the segment of a circle of 
given radius: 

1. the a/ngle at the centre subtended hy the a/rc being 
given ; 

2. the chord of the segment being given. 

Let ADB be a seg- 
ment of a circle of given 
radius, AC, Its area is 
required. First, let the 
angle G be given. 

The area of the seg- 
ment is equal to the dif- 
ference between the area 
of the sector, A CBD^ and 
that of the triangle^ GB, 

Denote the area re- 
quired by A ; the radius 
by r ; and the degree measure of C by n. 

The area of the sector ACBD is — - ((1) Art. 174). 

r 
The area of the triangle A GB is - sin n (Art. 165). 

2 




J} 



1. .•.^ = J.C52?--4CS = ^/',^-sin.n). 

2 \180 / 
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Next, suppose the chord AB is given, and let it be 
denoted by c. 

Then, C^= 2sin.-i -^ (1 Art. 173 and Art. 76). 

Tir* sin."* — 

Sector ACBB = — ; ((2) Art. 174). 

180 

Triangle ACB =^ sin. (2 sin. -1 ^V (Art. 165.) 



^1 

2. . • . -4 = - ^ 
i3 



TTSin. -1 — - 
2r 

90 



— sin. (2 sin.-*-^) 



If it were required to find the area of the larger of the segments cut 
off by the chord, the triangle A CB should be added to the sector AEB. 

In this case the salieiU angle A CB would be greater than 180°, and 
would be (860° — A CB), The expression for the area in 1 would then be 

^=2{iro+'""(''*°-"n = 2liFo-^'°-"f>- 

same expression as above ; but here n is > ISO"*, and therefore sin. n is 
a minus quantity (Art. 88). 

The expression for the area in 2 would be 

L (180» - sin. - 1-) ^ 

A = -) + sin. (2 sin.-» --) ( ' 

2 ( 90° 2r' * 

Example 1. Find the area of a sector of a circle, the radius being 25 

inches, and the angle of the sector being 42°. 

42 X 3.1416 X 626 ^ . 

Ans, Area = — — = 229.076 sq. m. 

360 

2. find the area of a sector of a circle, the radius being 6 inches, 

and the chord of the sector being 7.2 inches. 

3.1416 X 36 sin.-» (0.6) 

Ans, Area = ' 

180 

3.1416x86.87 
= = 28.166 sq. m. 
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8. Find the area of a segment of a drcle, of which the radini ia 26 
inches, the angle at the centre subtending the arc of the segment being 
B5°. Aru. Area 11.66 sq. in. 

4. Find the area of the smaller segment of a circle cut off by a chord 
4 inches long, the radius being 8 inches. Am, 0.6796 sq. in. 

Art. 176. To Jmd the a/rea of a zone * of one haeey 
the radius of the sphere, and the pdUvr distance f of 
the hose of the zone being given. 

Suppose the whole 
sphere to be described 
by the revolution of the 
semicircle JEAO about 
the diameter JEG, Let 
the arc A.E be the arc 
which, by its revolution, 
describes a zone of one 
base, whose area is re- 
quired. Let AB be the 
diameter of the base of 
the zone. Let the num- 
ber of degrees in the arc ACE be given, and be de- 
noted by n. Also, let the radius FE of the sphere be 
given, and be denoted by r. 

Draw the chords, AE and AG. Then AOE=^^ 
AFE(Euii. 20, IIL, Ch. 21, II.). 

Area of zone described by 

AE= ir{AE^ (Ch. Art. 40, IX.) ; 
= ir{OE'^m.' AGE)\ 

= %inr Bin. -—• 

2 




♦ Ch. Del Art. 34, IX. 

t Ch. Def. under Art. 86, VIII. 
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Art. 177. To jmd the area of a zone of two bases, 
the radius of the sphere, and the polar distances of the 
bases of the zone being given. 

First, suppose both bases to be on the same side of 
the centre of the sphere. Let HEOF be a section of 

the sphere made by pass- 
ing a plane through the 
pole {JET), of the bases of 
the zones. Let AB and 
CD be the diameters of 
the bases of the zones. 
OH will cut AB and 
(p CD at right angles at 
points K and M (Ch. 
Art. 27, Vm.). Then 
will HA and HC be 
the polar distances of the 
bases of the zone. Denote the polar distance HC (or 
its subtended angle, CGH) by m ; also, the polar distance 
HA (or its subtended angle, AOH) by n. Denote the 
altitude KMhj A; the radius of the sphere by /•; and 
the area of the zone described by the revolution of 
AChyS. 

MK= h = GK^ 0M= r cos. n — r cos. m 
= r (cos. n — COS. m) 




= 2r sin. 



m-^n , m — n 



2 



sm. 



2 



((<?), Art. 70). 

(1) S = 2irrh (Ch. Art. 38, IX.) 



= 4firr*ein 



m-\-n 



m 



n 



Bin. 



2 2 

Kext, suppose the bases to be on opposite sides of 
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the centre, and that AB and EF be the diameters of 

the bases. Let HA be denoted by n, and EO by m. 

Then KN=z h = GK-\' GN= r (cos. n + cos. m) 

^ mA-n i7h — n 

= 2 r cos. — z: — COS. — r — 

2 2 

((c) Art. 70). 

(2) /S = itrrh = iTrr'cos. — ^— cos. — - — . 

Example 1. Find the area of a zone of one base, the radiuB of the 
sphere being 6 inches, and the polar distance of the base being 80°. 

Ans. Area = 4 x 8.14169 x 86 x sin.' IS"* = 80.804 sq. in. 

2. Find the area of a zone of one base, the radius of the sphere being 
18 inches, and the polar distance of the base being 75°. 

Ans, 10.478 sq. ft. 

3. Find the area of a zone of two bases, the bases being on the same 
side of the centre, their polar distances being respeotiyely 80° and 80°, 
and the radius of the sphere being 16 inches. Ana, 978.27 sq. in. 



CHAPTER XVn. 

APPLICATION OF PLANE TBIGONOMETBY TO PBOBLEMS OF 

DISTANCES AND HEIGHTS. 

Art. 178. The surface of the earth is a curved sur- 
face. In the measurement of great distances as well 
as in the determination of large areas on it, the curva- 
ture is taken into account. For short distances and 
for areas of moderate dimensions it is considered as a 
plmie surface, coinciding with the pUme of the Korir 
zon. 

179. The plane of the horizon of any place is the 
plane tangent to the earth's surface at that place. 

180. A horizontal plane at any place is any plane 
parallel to the plane of the horizon of that place. ^ Any 
two horizontal planes at the same place a/re parallel to 
each other ^ as they may both be proved perpendicular to 
the same straight line, which is perpendicular to the 
plane of the horizon (Ch. Arts. 24 and 27, VI.). 

181. A horizontal line is a straight line parallel to, 
or lying in, the plane of the horizon. 

182. A vertical line is a line perpendicular to the 
plane of the horizon.- 

A vertical line at any place is perpendicular to any 
horizontal plane at that place (Art. 180 ; Ch. Art. 27, 
VI.). 
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A yertical line can be determined, in practice, by the position which a 
string, attached to a plummet, takes when the plmnmet is suspended and 
allowed to come to a state of rest. 

183. A vertical pkme is a plane passed through a ver- 
tical line. It isj therefore, perpendicular to the plane of 
the horizon, or to a horizontal plane (Ch. Art. 47, VI.). 

184. The height of a pomt above a horizontal plane 
is the vertical distance from the point to the plane. 

185. The heigJvt of an c^ject is the vertical distance 
from the top of the object to a horizontal plane passed 
through the base of the object. 

186. K a point be cAove a horizontal plane, its angle 
of eleva/tioriy at any point in this plane, is the angle, which 
a straight line between the two points makes with the 
plane. 

187. If an object stands in a horizontal plane, its 
a/ngle of elevation^ at any point in the plane, is the angle 
made with the plane by a straight line from the top of 
the object to the point. 

188. The angle of elevation of either a point, or an 
object, is an acute angle (Ch. Art. 60, VI.). 

Suppose AD to be a 
tower standing in a hori- 
zontal plane, ^i^. Let the 
height of the tower be 
AB. At C the angle of 
elevation of the tower is 
ACB(A.Tt. 18Y, Ch.Arts. 
66, 57, and 69, VI.). It is 
included by two lines, one 
from the point C to the 
top of the object, and the other from the point C to the foot of the per- 
pendicular (Art. 185) from A upon the plane. ABG is therefore a right- 
angled triangle, right angled at B (Ch. Art. 6. VI.). 
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Therefore, the omgle of deflation of cm object stand- 
ing m a horizontal pla/ne is the acute angle of a rights 
ambled triangle^ of which the perpendicular is the height 
of the object. 

189. If the point of observation be elevated, the amr 
gle of depression of any point bdow it is the angle, at 
the point of observation, made with the horizontal plane, 
passing through this point, by a straight line joining the 
two points. 

Thus, if, in the figure 
of the preceding article, 
the point of observation 
be at A^ the angle of de- 
pression of the point C7, 
would be the angle made 
at A^ by the straight line 
AG with a horizontal 
^ plane passed through A, 

190. The angle of depression^ taken at a point ctho^e 
a horizontal plane, of a point i/n the plane, is equal to 
the am/gle of devotion^ taken at the second point, of the 
height of the^r*^ point above the plane. 

Let A be the point above the 
horizontal plane, CD, and B the 
point in the plane. Draw the straight 
line AB, Through A let a horizon- 
tal plane, EF^ be passed. The angle, 
which AB makes with EF^ is equal 
to the angle which it makes with CD, 
From A draw AL perpendicular 
to CD. AL is also perpendicular to 
EF (Ch. Art. 27, VI.). The plane 
ABL will be perpendicular to the 
two planes EF and CD (Ch. Art. 47, VL), and will, therefore, project 
the line AB upon these planes (Oh. Arts. 66 and 67, YI.). Let ^JTbe 
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the projection of AB upon the plane JEF^ and BL be the projection of 
AB upon CJD, BAKib the angle, which AB makes with the plane EFy 
and ABL is the angle, which AB makes with the plane CD (Ch. Art. 
60, VI.). 

Now, JSF and CD are parallel planes (Art. 180) ; therefore, AK and 
BL are parallel lines (Ch. Art 26, YI.). Consequently, the angles BAK 
and ABL are equal (Enc. 29, 1., Ch. Art. 49, L). But ^^JTis the an^e 
of depression of B, at the point A (Art. 189), and ABL is the angle of 
elevation of A, at the point B (Art 186). Therefore, the theorem of the 
article is proved. 

191. It follows from the preceding article that, if 
the point of observation be at the top of an object, 
which stands in a horizontal plane, the angle of depres- 
sion of 2J1J pomtj in that plane, is equal to tJie cmgle qf 
elevation of the ohjecty tsikQiifrom the jpomt in the plane. 

192. Angles are measured by means of various instruments. A quad- 
rani measures angles of elevation and depression only, or angles in a ver- 
tical plane. A surveyor's compass measures horizontal angles only, or 
angles in a horizontal plane. A theodolite measures angles in both verti- 
cal and horizontal planes. A sextant measures angles in any plane. 

193. To find the distance of am, inaccessible object. 

Suppose it is required to find the dis- 
tance from BU} A^ A being inaccessible. 

Measure from B a straight line, BC, to 
a point C, where the object A is visible, and 
where, also, the station B is visible. Measure 
also the angles, ABCsjid BCA. Then, in the 
triangle ABC^ we have given two angles and 
a side in order to find another side (Art. 61). _B gf 

194. To find the distance between two objects sepor 
rated by am, vm/passdhle barrier. 

If the observer stationed at one object can see the other, the problem 
can be solved by the method of the preceding article. For, in the figure 
of that article, if A and B are two objects, the method of finding the dis- 
tance, AB^ is the same as before. 
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If, however, we have two objects, A and By separated by a bayrier sacb 
as to prevent the observer stationed at one from seeing the other, let a third 

point, C7, be taken, such that both 
objects can be seen from it. Meas- 
ure the distances A C and CB and 
the angle C, The distance AB 
can then be found by Art. 58. 

Example 1. An observer stand- 
ing at a point on one side of a 
stream, and wishing to find the 
distance of an object on the other side, measures, from his point of obser- 
vation to a second point, a straight line of one hundred yards, and finds the 
angle, between thio line and a line drawn to the object, at the first point, 
to be 53° 20', and at the second point to be 69° 80'. Required the dis- 
tance from the object to each point Am, 93.489 yds. 

Am. 87.032 yds. 

2. A man on the seashore, wishing to ascertain the distance of a buoy 
from the point where he is standing, measures, on the beach, a base-line 
of 90 rods in length, and at each extremity of the line takes the angle in- 
cluded between this line and the line to the buoy. The angle at one 
extremity of the base-line is 45°, the angle at the other extremity is 66° 
15', Required the distance from the buoy to each extremity of the base- 
line. Ans, 76.298 rds., and 64.886 rds. 

8. A man wishing to find the distance between two objects, each in- 
visible from the other, selects a point from which both are visible. He 
finds the distances from this point to the objects to be 109 yards and 76 
yards respectively, and the angle between these distances to be 101° 30'. 
Required the distance between the objects. 

Am, 144.77* yds. 

4. A surveyor, wishing to find the distance across a pond, between 
two points at which his view is obstnicted by an island, selects a third 
point, at which he can see the staves set up at the two first-men- 
tioned points. The distances between the staves and the point of obser- 
vation are found to be 181 and 129 rods, respectively, and the angle 
between these distances to be 110°. Required the distance across the 
pond. Am. 265.68 rds. 

195. Tojmd the dietance between two inaccessible ob- 
jects^ which are in the same plane with the observer. 
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Thus, BQppose an obaerrer to be at ^ on the shore of a bay, and that 
he deeires to find the distance between two rocks, C and D, in the bay. 

Let the distance AB be measnred 
on the beach. At A let the angles D r 

BA C and BAD, and at B the angles 
ABC and ABD, be taken. Then, 
solving the triangle ABD (Art. 61), 
we find AD or BD, and, soMng the 
triangle ABC, we find BC or AC. 
Next, we soWe dther the triangle 
ADC, or BDC (Art. 58). 

Example. Suppose, in the case just given, the distance on the beach 
to be 280 yards, the angle ABC to be 110% ABD to be 62'' 20', BAD 
to be 96% and £il(? to be 47"* 80'. Required the distance CD. 

Am. 609.77 yds. 

196. Tojmd the height of an dcceseihle object stand- 
ing in a horizontal pkmey the side of the object contam- 
ing the height. 

Suppose it is required to find the height of a tower, of which the 
walls are vertical. 

Measure a line from the ^ 

base of the tower to some con- 
venient point, D, in the plane, 
in which the tower stands. 
Take the angle of elevation at 
D. Then the height, AB, can 
be found by (2) Art 82. 

Example 1. What is the 
height of a vertical wall, of 
which the aogle of elevation at a distance of 26 feet from the base of 
the wall is 72' 16' ? An$. 78.1. ft. 

2. Required to find the height of a vertical wall, of which the angle 
of elevation, 20 feet away from it, is 47° 10'. What is also the distance 
from the top of the wall to the point of observation ? 

Ana. Height = 21.57 ft. Dist. = 29.42 ft 

197. To find the height of an accessible object stand 
ing in a horizontal pUme^ the side not containing the 
height. 
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Thus, suppose it were required to find the height, AJS, of a hill stand- 
ing in a horizontal plane. 

A 




Measure in a straight line, proceeding from the foot of the hill, 
the distance £!F, At H measure the angle AUB^ and at F the angle 
AFK 

The angle AEF is the supplement of AFC. In the triangle AEF 
we can find AF (Art. 61), and then A£ in the triangle AF£ (Art. 30). 

Example 1. In the preceding case, suppose the distance ^i^to be 612 
yards, the angle AFB to be 27" 29', and the angle ^i^^ to be 15° 86' ; 
what is the height of the hill ? Aru. 868.84 yds. 

2. The height of a tree is required, the tree standing in a horizontal 
plane. A point is taken in the plane, and, at that point, the angle of ele- 
yation of the tree is found to be 64°. From this point a distance of 88 
feet is measured in a straight line, which, when produced, would pass 
through the foot of the tree. At the extremity of this line the angle of 
elevation is 86°. What is the height ? Arts. 93.68 ft. 

198. To find the height of an inaccessible object 
which stands in a horizontal plane. 

(a) The method of the preceding article can be used to solve the 
problem. For, if, in the figure of Art. 197, the observer at E is separated 
from the hill by a river, the height can be found as before. 

(5) In case it is not convenient to measure the straight line in the 
direction proceeding from the foot of the object, the following method 
can be adopted : 

Suppose AB to be a column standing in a horizontal plane, but not 
accessible to the observer, at (7, on account of an intervening stream, QH. 

Measure a straight line, CE. At C and E measure the angles, 
BCFkeA CEB. Also, at one point — for instance, at C — take the an- 
gle of elevation ACB. Then CB can be calculated (Art. 61), and AB 
(Art. 82). 

In the figure, AB is supposed to be an object whose side is vertical, 
and one, also, of which the base is visible from the stations C and E, If, 
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however, the object has not its side vertical, or if the base were not visi- 
ble from the two stations, we can still find the parts of the triangle BCB, 
For if we project the line from Cto A 

upon the plane, and also the line from ^ 

^ to ^ upon the plane, we can measure 
the angles £!CB and CJSJ3 as before, and 
solve the problem. 

Example 1. In the figure of this arti- 
cle, if OS is 212 feet, the angle UCB is C 
25°, CBB is 107°, Bud ACB is 16°, what 
is the height of ADf Atu, 78.099 ft. 

2. An observer on the seashore, de- 
siring to find the height, above the sea- 
level, of a lighthouse standing on a ledge 

of rocks, measures on the beach a base-line of 421 feet. At each extrem- 
ity of this line he takes the angle made by this line with the projection 
of the line from each point to the top of the lighthouse. These an- 
gles are 76° and 66°. At the point where the first angle is measured 
the angle of elevation of the top of the lighthouse is 20°. What is the 
height? Ana, 163.86 ft. 

199. Tojmd the height of am, object which stwnds 07i 
cm mclined jpla/ne, the object ha/ving a vertical aide. 

Suppose AD to be a vertical tower 
in an inclined plane. From the foot of 
the tower measure two distances, BG 
and CE, in the same straight line. At 
C and E take the angle subtended by 
the object. Then AC can be found 
(Art. 61), and AB (Art. 63). 

Example 1. In the figure, suppose 
BC = 16 yards, CEz= 26 yards, ACS 
= 86° 20', AEB = 20° 80'. What is the height of the tower? 

Ans. 28.082 yds. 

2. Wishing to find the height of a vertical wall at the foot of a hill 
of even slope, the observer measured up the hill a distance of 26 feet, 
and then found the angle subtended by the wall to be 76°. Continuing, 
he measured 36 feet more, in the same straight line, when he found the 
angle to be 88°. What was the height of the wall ? Ans, 37.996 ft. 
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200. The observer hemg at the top of cm object which 
stands in a horizontal plane^ tojmd the distance of any 
object in the plane^ the Jieight of the observer's station 
being known. 

Suppose an observer to be at A^ the top of a vertical tower of known 

height, and that the distance BC or 
ACiA required. 

Measure the angle of depression, 
EAC, As BAC^ACB (AH. 190), 
BCoT AC can be found (Art. 31). 

Example 1. In the preceding case, 
suppose AB = 120 feet, and the an- 
gle CAF = 34° 3' 30". What is 
the distance CB^ Ans, 111.62 ft. 
2. A man on the top of a hill, 676 feet high, wishes to know his distance 
from a poiut in the plane below. He takes the angle of depression, and 
finds it to be 25° 31' 10". Required the distance from the man to the 
point. Ans. 1334.67 ft. 




MISCELLANEOUS EXAMPLES. 

1. A man, at a height of 1200 feet above a horizontal plane, meas- 
ures the angles of depression of two objects in the straight line proceed- 
ing from the foot of the perpendicular, dropped upon the plane, from the 
point of observation. He finds the angles to be 50° and 30°. What is 
the distance between the objects ? Ans. 1071.54 ft. 

2. A man in a balloon, in order to find his altitude, at the moment he 
is directly over one place, iakes the angle of depression of a second place, 
distant from the former place 3 miles. If the angle of depression is 25°, 
what is his distance above the first place? Ans. 1 mile 2106.82 ft. 

8. To find the height of a kite, directly above a line joining two sta- 
tions, its angle of elevation at each station was observed. The distance 
between the stations was known to be 660 yards. The angle of elevation 
at one station was 35°, at the other the aogle was 70°. Required the 
height of the kite. Ana. 862.7 yds., nearly. 

4. A flag-staff, 20 feet in height, stands on the top of a building. The 
angle of elevation of the top of the building, taken at a point in the 
plane, in which the building stands, is 36°. At the same point, the angle 
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of elevation of the top of the staff is 40". Bequired the height of the 
building. Am, 100.88 ft 

5. At the top and base of a wall, 22.4 feet high, the angles subtended 
by an elevated object, standing in the same horizontal plane with the wall, 
are found to be 38° and 35"* respectively. Required the height of the 
object. Show that, with the given parts, there may be two solutions. 

Ana, 82.198 ft. or 73.632 ft. 

6. Required to find the distance of an object of known height from the 
observer y the top of the object being jiut 

visible on the horizon. 

Solution : Let D£ be the height of 
the object First. Suppose the eye of 
the observer to be at C, on the surface 
of the earth. 

Let DB produced pass through the 
centre, A, of the earth. Join A and C 
by the straight line AC, 

As D is on the horizon, i>(7 is a 
tangent line (Arts. 179 and 181, and Ch. Art. 46, YIII.). Let DB = h; 
DC=d; vndAB = Ii. 

DC^==DA*-AC^; 
d« = (i2 + A)« - i2«; 
= 2Jih + h*; 

d = y/2Bh + h*. 

2B is 80 large, in general, compared with A, that h\ except for great 
heights, may be neglected, and the formula becomes 

d=^/2Bh, 

Second. Suppose the eye of the observer. is elevated, as at 2>'; we 
find CJy in the same way. Calling CD' d, and BD' h\ we have 

d = V2M^'+T«, and, where h' is small, d '= ^/2Rh', 
In this second case, DI/ is found by adding d and d, 
7.* At what distance can the top of a hill, 486 feet in height, be just 

* In this example and in the following examples no allowance is 
made for refraction of light by the earth's atmosphere. The formulas of 
the preceding example are only correct on the hypothesis that light moves 
in straight lines. 
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seen, supposing the eye of the observer is at the sea-leyel, and that the 
diameter of the earth is 7920 miles ? 



Solution : d = y/(mjiii« = ^^= 27 miles. 

8. The light of a lighthouse is 650 feet above the sea-level. At what 
distance can it be just seen on the horizon ? Ans, 28.7 miles. 

9. The light of a lighthouse is 186 feet above sea-leveL At what dis- 
tance can it be seen hj an observer, whose eyes are 40 feet above sea- 
level? Am, 21.97 miles. 

10. The distance from the observer of a light, just visible on the hori- 
zon, is known to be SO miles. Supposing the eyes of the observer to be 
at the sea-level, what will be the height of the light above sea-level ? 

« , . T ^ 80« ., 900 X 5280 ^ 

Solution: A = — =—mUes=-^^^0-^*- = '^'^*- 

11. Suppose the top of a hill is just visible, and the distance from it 
is known to be 60 miles. Required its height. Am, 1666.7 ft. 



CHAPTER XVm. 

APPLICATION OF PLANE TBIGONOMETBY TO SUBVETING. 

Abt. 201. Surveying is the art of determining the 
areafi of portions of the earth's surface. 

The areas considered in this chapter are areas of moderate dimensions, 
and are, therefore, treated as plane areas, and the lines inclosing these 
areas are considered as straight lines (Art 178).* 

202. The meridiem of a point, or place, is a line run- 
ning north and south through the point, or place. 

Meridians of different points are considered as par- 
allel. 

203. The parallel of latitude of a point, or place, is 
a line running east and west through the point or place. 

Parallels of latitude of difierent points are parallel 
to each other. 

204. The meridian and the parallel of latitude of a 
point are, in this chapter, considered as straigM lines 
perpendicular to each other, 

205. The latitude of a point is its distance north or 
south of some fixed parallel of latitude, and is denoted 
north or south latitude according as the point is north 

* All the lines mentioned in these definitions are reaUy curved lines, 
being lines on the surface of the earth. 
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or sonth of the fixed parallel of latitude. This distance 
is measnred on the meridian' of the point. 

206. The difference of latitude of two points is the 
distance between the parallels of latitude of the two 
points : 

(1.) The diflference of latitude of two ends of a Ivne 
is, therefore, the distance between the parallels of lati- 
tude of the extremities of the line. 

(2.) This difference of latitude of the two ends of 
the line is called the latitude of the line, and is fre- 
quently spoken of as the northing or southing of the 
line, because it is measured on a north and south line. 

Thus, in the figure, suppose DC and 
AB to be parallels of latitude of the er- 
tremities, A and C, of the straight line 
A C, Then, if AD, a meridian line, is 
drawn, it will be perpendicular to CD 
(Art 204) and AB (Art. 203). AD is 
the northing of the line ^ C7, if we re- 
gard the north point to be represented 
at the upper part of the paper.* 
If the line ^ C be read in the other direction, as the line CA, CB, the 
perpendicular upon AB, would be the southing of CA. 

From the figure it is evident (Euc. 84, 1., Gh. SO, L) that the north- 
ing of a line, read in one direction, is equal to its southing when read in 
the opposite direction. 

207. The longitude of a point is its distance east or 
west of some fixed meridian. 

208. The difference of longitude of two points is 
the distance between the meridians of the two points : 

(1.) The difference of longitude of the two ends of 

* North and south lines are represented on paper as running in one 
direction — as, for instance, up and down the paper ; and cast and west 
lines as at right angles to north and south lines (Art. 204). 
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a Une is, therefore, the distance between the meridians 
of the extremities of the line. 

(2.) This difference of longitude of the two ends of 
a line is called the departure of the line, or its easting 
or westing, because this distance is measured on an east 
and west line. 

If ul Cbe a line, and parallels of latitade, AB and CZ>, and meridians, 
AD and BC, are drawn through its extremities, the departure ot AC 
would be represented by AB^ which in this case would be an eagHng^ as 
the east point is generally represented as at the right-hand side of the 
paper. 

If the line were read from C to ^, as CA^ then CD would represent 
its departure^ which in tliis case would be a wetHng^ as the distance is 
measured to the left, and the west point is generally represented at the 
left-hand side of the paper. 

Also, the easting of a line read in one direction is equal to its westing 
when the line is read in the opposite direction. 

209. The longitude of a straight line is the dis- 
tance of the middle point of that line from some fixed 
meridian. 

The longitude of a line is, also, often spoken of as its 
meridian distance. 



If AB be a given straight line, and N8 be a 
given meridian, the longitude of AB would be 
represented by the straight line CZ>, drawn from 
C, the middle point of AB, perpendicular to N8, 

If the meridian to which the longitude of AB 
is referred passed, as AH, through one extrem- 
ity of the line, CG would be the longitude of AB. 

210. (1.) K, through the extremi- 
ties of the line AB^ parallels of lati- 
tude BE and AF are drawn, they 
will be perpendicular to the fixed 
meridian IfS. These lines BE and 



isr 
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AFsLTe together double CD (Ch. Arts. 123 and 124, V.). 

But ££! and Alf" are the longitudes of the extremities 

of the line ; therefore, the longitudes 
of the extremities of a Une are together 
double the longitude of the line, or 
equal the double longitude of the line. 
(2.) If the meridian passed through 
A^ one extremity of the line, JBS 
would be its departure ((2) Art. 208), 
and would be double of CG^ its lon- 
gitude; therefore, if the meridian 
passes through one extremity of a 
line, the departv/re of the line is 
equal to the double longitude. 

Also, EB-^FA^EB-EH= HB\ but EB-FASr the differ- 
ence of the longitudes of the .two points B and A^ and HB is the depart- 
ure of the line AB ; therefore, the difference of longitude of the two ex- 
tremities of a line ie eqtud to tlie departure of the line^ a principle which 
has been assumed in the definitions under Art. 208. 

211. The bearing of a line, at any point, is the am^gle 
which the line makes with the meridian (or north and 
south line) through that point. If the line runs east 
and west, the bearing is a right angle (Art. 204). In all 
other cases the bearing is an acute angle. 

Thus, draw two straight lines, N8 and WEy at right angles to one an- 
other at the point F\ N and 8 representing north and south, and E and 
W representing east and west, respectively. Through F draw any liney 
FB, The bearing of FB, at the point F, is the angle DFB, 

212. If, through -S, the meridian BC^ and the par- 
allel of latitude BD^ be drawn, then the figure DC will 
be a rectangle (Arts. 202-204). 

The angle J5^J?(7= angle BFB (Euc. 29, I., CL 
Art. 49, 1.). 
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FBC is called the reverse hearing of FB. There- 
fore, the hearing and reverse hearing of a line are equal, 
the bearing being the angle made by the line with the 
meridian of one extremity of the line, and the reverse 
bearing being the angle made by the line with the me- 
ridian of the other extremity. 

213. Suppose through the point F two lines, NS 
and WFj be drawn, at right angles to each other, iT, S^ 




-EJ W representing respectively the north, south, east, 
and west points of the compass. 

If a line, as AF^ be drawn from F in the angle 
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NFEy the line will run in 8<yme direction between north 
and east, its particuLa/r direction being determined by 
its bearing, DFA. If the bearing alone were given — 




that is, the acute angle which the line makes with NS 
— ^the line would not be determined in position^ for four 
lines can be drawn from F equal to each other, one in 
each of the angles NFE, NFW, SFW, 8FE, and each 
making the same acute angle with I^S. 

In order to determine the position of a line in any 
one of these four angles it is customary to write the de- 
gree measure of the bearing between the letters denoting 
the two main points of the compass, between which the 
line falls, N. or 8. being always written "before the de- 
gree measure, and E, or W. after the degree measure. 

Thus, suppose the lines AF^ A'F, A"F, A"'F, each makes with NS 
an angle of 40^ Then the bearing of FA is N. 40° E. ; of FA' is N. 40° 
W. ; of FA" is S. 40^ W. ; of FA'" is S. 40° E. These expressions are 
read North 40° East, North 40° West, etc. 

A line running east or west, north or south, is said to have a bearing 
E. or W., N. or S., and needs no degree measure to determine its portion. 
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214. Signs of Lmea. — All lines miming east will be 
considered j?(?^'^t;^, and all lines going westvnM be con- 
sidered neffati/ve. Also, all north lines will be consid- 
ered positive, and all south lines negative. 

Of course, these signs are arbUrarily given, simply to distinguish the 
opposite directions of the lines. We might agree to consider lines run- 
ning toest positiye, and then lines running eaat would be negative. So, 
also, if we considered lines nmning wuth as positiye, lines running north 
would be negative. 

Therefore, in the figure of the preceding article, 
FC will be positive, and I^D will be positive. But 
FC is the departure ((2) 208) of FA, and FJ) is the 
latitude ((2) 206) of FA. Consequently, i^-4 has a 
j[>lus departure and a plus latitude. In the same man- 
ner A^F may be shown to have a phis latitude but a 
mimts departure, and A^'F to have a minus latitude 
and a minus departure; A"'F to have a mimes lati- 
tude but a plus departure. 

215. To calculate the latitude amd departu/re of a 
H/nefrom its length amd hearing. 

Let FN be a meridian and 
and let FFhQ a parallel of lati- 
tude through F, one extremity 
of a line, FA, of which the 
length and the bearing, AFC, 
are given. 

Through A draw the me- 
ridian, AB, and the parallel of 
latitude, AC. Then CB is a rectangle (Arts. 202-204). 

FB is the departure, and FC the latitude of FA. 

FB=CA = FA sin. AFC {{1) Art. 30), 
FC = FA COS. AFC ((2) Art. 30) ; 
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that is, departure = distance (or length) X sine of bearing, 
latitude = dist. X cos. bearing. 

As the length (or distance), bearing, departure, and latitude, may be 
represented by i^4, AFC^ CA {= FB\ and FC respectively, in the 
right-angled triangle AFC, the relations between these quantities are such 
as exist between the four parts, considered in the solution of a right- 
angled triangle (Arts. 24-82). 

216, Gunter^s chain is the measure commonly used 
in surveying. It is four rods in length, and is divided 
into one hundred links. 

1 chain = 4 rds. = QQ ft. = 100 links. 

1 sq. chain = 16 sq. rds. = 10,000 sq. links. 

1 acre = 160 sq. rds. = 10 sq. chs. = 100,000 sq. links. 

As the chain contains a hundred links, chains and 
links can be written together as whole numbers and 
decimals. For instance, 5 chains and 35 links are writ- 
ten 5.35, the unit being the chain. 

The dimensions of a field being given in chains and 
links, the area will be expressed in square chains and 
square links. 

{a) To reduce the area to acres, it will be seen, from 
the table, that we must divide the number of square 
chains by 10, or, we must remove the decimal point one 
place to the left. The remaining figures to the right will 
be decimals of an acre, which can be reduced to roods 
and perches (or square rods) by the usual methods. 

For instance, suppose the area of a field to be 

84.0355 sq. chains. Removing the decimal point, 
this equals 8.40355 A. 
4 

1.61420 R 
40 



24.568 sq. rds. or perches. 
The area is, therefore, 8 A., 1 R., 24.568 P. 
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217. In order to calculate the area of a field, the 
length of each side is measured, and its bearing is taken 
with reference to a meridian, drawn through one ex- 
tremity. Each angular point is called a statiarij and 
the length of each side is called a distance. 

Any angular point may be taken as the Jirst station. The length of 
the side first measured from this point is called the Jirat distance. At the 
extremity of this distance, remote from the first station, a second station 
is taken and a second distance is measured, and so on until all the sides 
of the field are measured. 

In the examples of this chapter the first station will be generally taken 
as the extreme western angular point. 

218. To plot a fidd when ihe diatcmces wad their 
hearings are given. 

Suppose a field is to be plotted, of which the follow- 
ing table contains the distances and their bearings : 



stations. 


Bearings. 


DlBtances. 


1 


N. 83** 80' E. 


3.18 chains. 


2 


S. 57° E. 


5.77 chains. 


3 


S. 78° 8' W. 


6.03 chains. 


4 


N. 83° 16' E. 


1.06 chains. 


6 


K 56° 30' W. 


1.64 chains. 



Take any point, 1, to represent the first station, and through 1 draw 
N8 to represent a meridian. At the point 1 make the angle N\ 2 equal 
to 33^° (by means of a line of chords, or by means of a protractor — sec 
Chap. I.). From a plane scale measure ofP 1 2, equal to 3.18 imlts. Through 
2 draw a second meridian, 2^, and at 2 make the angle ^23 equal to 67°. 
From 2 measure 2 3, equal to 6.77 units. At 3, 4, and 6 proceed to com- 
plete the plot in the same manner, by drawing meridians and making the 
bearings and distances as given in the table. 

11 
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From 5 it is not neeeuary to lay off the last bearing, but it is well to 
do so, in order to test the accuracy of the plot, or surrey ; for, if the line, 




which makes, with the meridian through 5, the last bearing equal to the one 
given, does not pass through 1 or very near 1, there must be some error 
in the plot or survey. 

The same unit must be used to lay off all the distances. 

219. To calculate the a/rea of a fidd^ hf the method 
of latitudes a/nd departures. 

Suppose it is required to find the area of the field, 
of which the notes and the plot are given in the pre- 
ceding article. 

Through 1, 2, 3, 4, and 5 draw IT, BiC, SAD, 
P^K, bMF, perpendicular to N8, the meridian of 1. 
These lines will also be perpendicular to the meridians 
2A, CP, 4:M, and 5Z (Arts. 202-204), and will form, 
with these meridians, the parallelograms BA, AG, etc. 

With reference to the meridian Jft'S, 

(a) B2 is the double longitude of 1 2 ((2) Art. 210) ; 

(5) B2+BS = double longitude of 2 3 ((1) Art. 210) ; 

{o) DS+jS4: = double longitude of 34; 
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(d) K4:+F5 = double longitude of 45 ; 

(e) F5 = T1 = double longitude of 5 1. 
Also, 

(1.) IB is the latitude, or northing of 1 2 ((1) and (2) 
Art. 206) ; 

(2.) 2 A is the latitude, or southing of 2 3 ; 
(3.) 3P is the latitude, or southing of 3 4 ; 




(4.) 4Jlfi8 the latitude, or northing of 45 ; 

(5.) jp"! = 5T= the latitude, or northing of 5 1. 

A. Theareal2345 = (areajS23i? + areai?34Jr)- 
(arealj&2 + areair45i5?^+areai^51)=i{(2 x area^23i? 
+ 2 X area DS4:JS^ — (2 x area 1B2 + 2x area K4:5F+ 
2xareai^l)}. 

Now, area ^232?= ^^^ ^ x 2A (Ch. Art. 17, IV.). 

. •. 2xarea B23D = (B2+m)\2A ; 

= do\;ib. long, x lat., of line 23 
m and (2)). 
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In the same way it may be Bhown that 

2 X areai)34ir= (J93 + K4t) x 3P = doub. long, x lat 

of line 3 4 ((c) and (3)); 

2 X area K^^F= {K4: + FS) x 4 Jf = doub. long, x lat 

of line 45 ((rf) and (4)). 




Again, area 1B2 = ^ (Ch. Art. 13, IV.). 

. • • 2 X area ljff2 = .52 x l.fl = donb. long, x lat. of 
12 ((a) and (1)). 

Also, 2 X area ^51 = ^5 x i^l = doub. long, x lat. 
of 51 {{e) and (5)). 

B. The areas 2(ljff2), 2(ir45i^, 2(i5^51) are eaUed 
north areas, or north products, as they are each obtained 
from factors, one of which is a northmg. Also, the 
areas 2{B2SD) and 2(i?34^ are called south areas or 
south products, as they are each obtained from factors, 
one of which is a southing. Therefore, from A. and B. 

C. Area 12345 = ^ the difference between rwrth 
products and south products. 
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Also, in A., substituting for 2 x area JS2SD, 2 x area 
2?34:jKi etc., their equivalents, we have 

D. Area 1 2 3 4 5 = i { (doub. long, x lat. of 2 3 + doub. 
long, x lat. of 3 4) —(doub. long, x lat. of 1 2 + doub. long, 
xlat. of 4 5+ doub. long, x lat. of 51)}. 

From D it is seen that the area of a field can be ex- 
pressed in terms of the double longitudes, and the lati- 
tudes of the sides of the field. The latitudes can be 
calculated from the lengths and bearings of the sides 
(Art. 215). We can also find the departures from the 
lengths and bearings of the sides (Art. 215). It only 
remains to show that the dovhle longittuies can be found 
from the departures. 

E. The dovhle longitude of the first side is its de- 
j>arture. 

B2 = doub. loDg. of 12 ((2) Art. 210). 

The dovhle longitude of the second side is equal to 
the sum of the dovhle longitude of the fi/rst side, the 
departure of the first side, and the departure of the 
second side. 

(The sum being the result of the algebraic addition of these quanti- 
ties, E. departures being plus, and W. departures being mtittw.) 
Double longitude of 23 is ^ + 2^3 ; 
m+l>S=zB2+DA+AS = B2+B2+2C. 

The double longitude of any side, after the first, is 
equal to the algebraic sum of the double longitude of 
the preceding side, the depa/rture of that side, and the 
depoH/ure of the given side. 

Double longitude of 34 is i>3+^4: 

i>3+ir4 = 2)3 + AP- P4 ; 

= (D3+^)+2C-P4. 



246 



APPLICATION OF PLANS TRIGONOMETRY. 



Double longitude of 46 is ir4+^ : 

= (K4+m)-P4+4Z. 

The double longitude of the last side is equal to its 
departi^e. 

The double longitude of 61 is i^ : 

i?tt = (K4+Fti)+Jiti - n ; 
= FM-{-Fti-^M6 — M. 
If, now, the results of this article be applied to finding the area of 
the field, of which the notes are given in Art. 218, it is best to arrange 
the notes along with the latitudes, departures, double longitudes, north 
products, and south products in parallel columns^ as is done in the fol- 
lowing table 



2!^ 



1 

2 

8 
4 

6 



Bearing!. 



N. 88« 80' K 

8. 67* E. 
8. 78* 8' W. 
N. 88* 16' E. 
N. 66* 80' W. 



Doable longitude 

of l8t side =+1.76 
+1.76 

+4.84 



of 2d Bide = +8.86 
+4.84 
-6.90 



of8dside= +7.80 
-5.90 
+0.68 



of 4th side = +1.98 
+0.68 
-1.28 



Db. 


UUuau, 


DcpwtuxQt. 


Doabk 

lOBgl. 

tadM. 


Worth 

pRMhlCtl. 


K.+ 


8.- 


X.+ 


w.- 


8.18 
5.77 
6.08 
1.06 
1.64 


2.66 

.88 
.86 


8.14 
1.24 


1.76 
4.84 

.68 


6.90 
1.28 


1.76 
8.86 
T.80 
1.98 
1.28 


4.6640 

1.7424 
1.0880 




4.88 


4.88 


7.18 


7.18 




7.4944 



Area = 1 A., 1 B., 22.464 P. 



of 6th side = +1.28 
Double longitude of last side = its departure, 1.28 =s 1.28. 



Sooth 
prodncli. 



26.2504 
9.0620 



86.8021 
7.4944 



2 



27.8080 

A. 1.8904 
4 



B. 1.6616 
40 



P. 22.464 
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Rehabk. — ^In calculating latitudes and departures, as in measuring 
the sides of a field, results are entered only to the neareit link ; that is, if 
the latitude or departure is found in chains, links, and decimals of a link, 
one is added to the number of the links, if the decimals equal or exceed 
1^0 link; in other cases the decimals are rejected. 

For Instance, if a latitude or departure is found to be 7.846 chains, it 
should be entered in the column as 7.36 ; but if it be found to be 7.344 
chains, it should be entered 7.S4. 

In ascertaining the double longitudes of the sides, the last double lon- 
gitude should equal the last departure (see E). We thus have a test of the 
accuracy of the column of double longitudes. If, therefore, the last double 
longitude is not equal to the last departure, some mistake has been made 
in forming the column. The work should be gone over till the mistake 
is found, and the result conforms to the test 

220. To iakmce a sv/rvey. 

If a field has been correctly surveyed, and the lati- 
tudes and departures of the sides correctly calculated, 
the northings should hala/nce the southings and the east- 




ings should tdtcmce the westings ; that is, the sum of the 
northings should equal the sum of the southings, and the 
sum of the eastings should eqitcU the sum of the westings. 
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For, in the figure of the preceding article, the sum of the northings 
is 1^ + 4if + 57*= 1^ + KF-{- Fl = KB; the sum of the southings 
is 2^ + 3P= C?3 + 8P = Jra (Euc 84, 1., Ch. 30, 1.). 

In the preceding example the sum of the N. latitudes and the sum of 
S. latitudes each equals 4.88. 

Also, the sum of the eastmgs is B2 + 2C+4L=z BC + 4:Z = KF 
+ 4Z. 

The sum of the westmgs is P4 + 5^= P4 + MF +6M=r4 + 4K 
+ 4X = AT* + 4Z. 

In the preceding example the sum of the E. departures and the smn 
of the W. departures each equals 7.18. 

In every survey it is therefore necessary, after cal- 
culating the latitudes and departures, to compare the 
sum of the northings with the sum of the southings, and 
the sum of the eastings with the sum of the westings. 
If the northings balance the southings and the eastings 
balance the westings, the calculation of the area can be 
continued according to E and D, Art. 219. If the 
northings and southings do 7iot balance, or if the east- 
ings and westings do not balance, and these quantities 
are found to be correctly calculated from the given sides 
and their bearings, either the field must be resurveyed 
or corrections must be applied to the latitudes and de- 
partures, so as to make the N. latitudes equal the S. 
latitudes, and the E. departures equal the W. departures. 

As to the limit of error .allowed before resurveying, authorities differ.* 
Small errors are unavoidable. The method of correcting allowable errors 
will be considered and applied to an example. 

The process, by which, in the calculation of the area 
of a field, corrections are applied, so as to make the lati- 
tudes balance and the departures balance, is called bal- 

— - i iiii __■_■■■ ■- 1^ ^— ^^^i— ^^ 

* See Gillespie's " Land Surveying," p. 176. 
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cmcmg the survey. The corrections to be applied are 
obtained by the following proportions : 

Sum of lengths of sides whole error in latitude 



(«) 



(J) 



Length of given side correction for latitude of given side. 
Sam of lengths of sides whole error in departure 



Length of given side correction for departure of given side. 



WJicle error in, latitude is the difference between the 
sum of K. latitudes and sum of S. latitudes. Whole er- 
ror in departure is the difference between the sum of 
E. departures and the sum of W. departures. 

The correction is to be added when the latitude or 
departure is in the column of which the sum is the lese 
of the two sums, but is to be subtracted when the lati- 
tude or departure is in a column of which the sum is 
the greater of the two. 

The rule and its application will be best understood by means of the 
example given below : 





Bearlagi. 


Di»- 


UtltadM. 


Dqputam. 


CorrwtodLia. 


ContUAHtp. 


H 


N.-r 

18.72 
16.46 


S.- 


£.+ 


W.- 


N.+ 


8.- 


■• + 


W.- 


1 
2 
8 

4 


N. 65- 1' E. 

B. 26* E. 
B. 68* 80' W. 

N. 84* W. 


82.66 
21.90 
29.24 
19.85 


19.85 
15.28 

85.18 


26.76 
9.26 


24.98 
11.10 


18.70 
16.45 


19.86 
15.29 


26.7T 
9.26 

86.08 


24.98 
11.10 






108.65 


85.18 


86.02 1 86,08 


85,15 


85.16 


86.08 








Error .05. 


Error .01. 


■ 









108J5_ .06^ 
82.66 "T016 

108.65 _ .05 
21.90" .01 

108.65 _ .05 
29.24 ~ .014' 

^S4k = -^-- .01tobesubt«Mtedfronil6.46. 

lV«bt> .QUv 



.'. .02 to be «uMrac<«(f from 18.72. 
.* . .01 to be oddBd to 19.85. 
.01 to be added to 15.28. 
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The fourth terms are each found by diyiding the product of the sec- 
ond and third terms by the first. 

The error in departure being only 1 link, and our calculations not ex- 
tending beyond the link (Remark, page 219), the departures are bal- 
anced by adding 1 link to the departure of the first side or distance, as 
that is the longest side. 

The double longitudes are obtained from Wib cor- 
rected departureSy and the north and south products 
are obtained by multiplying the double longitudes by 
the corrected Idtitudea. 

The calculation is accordingly completed in the table on page 251. 

221. The results of Arts. 219 and 220 may be 
summed up in the rule, 

To caiculate the area of afield: 

1. I^ind the latitude and depa/rture of each side 
(Art. 215). 

2. Balance the survey (Art. 220), if the sum of the 
north latitudes does not equal the sum of the south lati- 
tudes, or if the sum of the east departures does not equal 
the sum of the west departures. 

3. Form the column of dovhle longiimdes (E., Art. 
219) from the corrected'*' departures. 

4. Multiply the double longitude of each side hy the 
corrected* latittide of the side; the product will be a 
north product or south product according as the lati- 
tude is north or south. 

5. Di/oide the difference between the north products 
and the south products hy ^, am,d reduce the quotient to 
acresj roods, and perches {{a) 216). 



* On the supposition that the surrey requires balancing ; otiierwise 
use the simple departures and latitudes. 
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Give the plots and calculate the areaB of the fields, 
of which the notes are — 





1. 




1 


N. 52- E. 


10.64 


s 


B.29'45'E. 


4.09 


8 


S.BViS'W. 


T.68 


4 


N. 61* W. 


7.24 





2. 




1 


N. 88- 15' E. 


6.86 


2 


N. 12* B. 


8.26 


8 


N. 47* W. 


4.24 


4 


B. 21- W. 


12.41 



Am. 4 a., 8 B., 28.14 P. An9. 4 A.« 2 B., 86.67 P. 



4. 





8. 




1 


N. 86- E. 


4.40 


2 


N. S8" 80' E. 


2.68 


8 


B. 67- E. 


4.44 


4 


B. 84- 16' W. 


T.IO 


6 


N.6fl'80'W. 


6.46 



.Ifif. 4A.,1B.,19.7P. 
6. 



1 


N.84*B. 


10. 


2 


N. 21- 16' E. 


17.62 


8 


B. 66* 80^ E. 


4.98 


4 


B. 68* E. 


8.66 


6 


B. 14- 16' W. 


. 20.69 


6 


8. 47- W. 


0.60 


7 


8. 67- 16' W. 


8.98 


8 


N. 66* W. 


12.98 



1 


N. 84' E. 


9.76 


2 


N. 67- E. 


2.80 


8 


N. 28- E. 


7.08 


4 


N. 18- 80' E. 


4.4S 


6 


8. 76* 80' E. 


12.41 


4 


B. 21- 16' W. 


17.62 


7 


B. 84* W. 


10. 


8 


N. 66- W. 


14.16 



Ana. 41 A., 8 £.,17.+ P. 

If a field, as 1 2 3 N 4 6, is not bounded on all sides by straight lines, 
but has one side, as N B 4, adjacent to a stream, it is customary to survey 

the field by running a line as near as 
possible to this irregular boundary, 
and then measuring perpendiculars 
(caUed offsets) to this line 34, viz., 
SJV, DB, HK, and LM. The area 
12 345 is first calculated, and then 
the areas of the figures 8^^, BDE^ 
DEKH, HELM, ZM4. These last 
are considered as triangles and trape- 
zoids. The total area is the sum of 
the areas of 12 34 6, SBH^ BDE, 
DEEH, HEML, LM4. 

In case of an obstacle to the meas- 
urement of one side of a field, or in 
case a field has been once correctly 
surveyed and the length and bearing of one side have been lost from the 
notes, the length and bearing of the side may be obtained from the lengths 
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of the other sides and their bearings. The difference between the east- 
ings and westings of the known sides will be the departure of the remain- 
ing side, and the difference between the northings and southings of the 
known sides will be the latitude of the remuning side (Art. 220). From 
the latitude and departure we can calculate the distance and bearing re- 
quired (Art. 216), and then continue the calculation of the area of the field. 
Example 6. Calculate the length and bearing of the first side of a 
field, of which the other sides are given in the following notes. Calcu- 
late also the area of the field. 



1 


Unknown. 


Unknown. 


9 


8. «!• 15' W. 


17.88 


8 


8. 84- W. 


10. 


4 


N. W W. 


14.15 



An$. Length = 29.08 

Bearing = 54* 40^48^' 
Area = 21 A, OB., 87.898 P 



CHAPTER XIX. 

NAVIGATION. — PLANE SAILING. — ^MEECATOR's SAILING. 

In navigation the earth is regarded a^ a sphere. 
Small parts of its surface (as in surveying) are consid- 
ered as planes. 

Art. 222. The aada of the earth is the dia/meter 
about which it revolves. The extremities of this axis 
are called poles^ one being named the North Pole and 
the other the South Pole. 

223. The meridiam, of any point, or place, on the 
earth is the great circle arc passing through the point, 
or place, and through the poles of the earth. 

The meridian of a point or place may be said to be the intersection of 
a plane with the surface of the earth, the plane being determined by the 
axis and the point (Ch. Art. 4, VI., and Art. 28, VIII.). 

(a) Meridians are, therefore, north and south lines. 

224. The earth's equator is the circumference of 
the great circle, whose plane is perpendicular to the 
axis. 

{a) The equator is perpendicular, therefore, to the 
meridians (Ch. Art. 58, YIII.). 

225. Parallels of latitude on the earth are circum- 
ferences of small circles, whose planes 2i,xQ perpendicvr 
lar to the axis. 
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The planes of these parallels are parallel to each 
other and to the plane of the equator (Ch. Art 24, VI.). 

(a) JPa/raUels of latitude are east and west lines. 

226. The longitude of a point, or place, is the angle 
between the plane of the meridian of the point, or place, 
and the plane of some fixed meridian. This angle is 
measured by the arc of the equator intercepted between 
these planes, since this arc measures the plane angle of 
the diedral angle of the planes (Ch. Art. 57, YIII.). 
This a/rCj intercepted between the two meridians, is 
spoken of as the longitude^ as its degree measure is the 
same as that of the diedral angle. 

One assumed meridian from which longitude is reckoned is the merid- 
ian of the Observatory of Oreenwich, England ; another is the meridian 
of the Observatory of Washington. The French, also, have a fixed me- 
ridian from which longitude is reckoned. 

(a) Longitude is reckoned, on the arc of the equa- 
tor, east and west of the assumed meridian, from 0® 
to 180^ 

(J) The dAfference of longitude of two places is the 
angle between the planes of their meridians, and is 
measured by the arc of the equator intercepted between 
these meridians. 

This arc is evidently the difference of the two 
arcs, which measure the longitudes of the two places, 
if the places are either both E. or both W. of the as- 
sumed meridian. 

{c) If we give to E. longitudes the sign -{-? and 
to W. longitudes the sign — , the arc which measures 
the difference of longitude of two places will always 
be the algefyran/O difference of the longitudes of the 
places. 
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(d) To find, then, the difference of longitude of two 
placBB whose longitude is given, we subtract the less 
frrnn the greater if ioth are E. or both are IT., biU add 
the two if one is E, a/nd the other W. 

227. The latitude of a point, or place, is the angle 
made with the plane of the equator by a line drawn 
from this point, or place, to the centre of the earth. The 
latitude is measured by the ^irc of the meridian (of the 
point) which subtends the angle. This subtending arc 
is spoken of as the latitvde^ as its degree measure is the 
same as that of the inclination of the line to the plane 
of the equator. 

Latitude is reckoned from 0** to 90°, north and south 
of the equator. 

228. The difference of latitude of two places is the 
difference between the latitudes of the two places, dif- 
ference being understood as algebraic^ and north lati- 
tudes having the sign + and south latitudes the sign — . 

{a) To find, then, the difference of latitude of two 
places whose latitude is given, take the less from the 
greater if both are N. or both are /SI, but add the two 
if one is N. and the other S. 

(J) The difference of latitude of two places is meas- 
ured on any arc of a meridian intercepted between the 
parallels of latitude of the places. 

Let the figure represent a hemisphere of the earth. Let JVand iS'be 
the poles ; C the centre ; and WDE the equator. Suppose A and B to be 
two points on the surface ; K^^to be the parallel of latitude of A^ and 
NA8U> be its meridian ; RLB to be the parallel of latitude, and NBS the 
meridian of B, Then it is to be proved that the difference of latitude of 
A and B is measured by AL^ HBy VB, or any other meridian arc inter- 
cepted between VAH and BLB. 

Let the meridian yAS intersect the parallel BLB in the point Z, and 
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the equator in the point D. Also, let the meridian NB8 intersect the 
parallel VAHm the point H^ and the equator in the point O, Draw the 
straight lines CA, CD, CB, and CG. 

The plane of the meridian NA8 is perpendicular to the plane of the 
equator (Arts. 223 and 224, and Ch. Art. 4Y, VL), and is, therefore, the 
plane which projects the line CA upon that plane (Ch. Art. 5Y, YI.). 
CD is the intersection of these two planes (Ch. Art 6, VL), and contains 




(as a part of it) the projection of the line CA. The angle ^Ci) is, 
therefore, the angle made by the line A C with the plane of the equator 
(Ch. Arts. 69 and 60, VL), and is, consequently, the latitude of the point 
A (Art. 227). AlsOj the plane of the meridian, NOS, is perpendicular 
to the plane of the equator, and by its intersection with that plane deter- 
mines the projection of the line CB upon the plane. Therefore, BCO is 
the latitude of the point B. 

Now, ACDy or the latitude of A^v^ measured by AD, and BCC is 
measured by BQ ; therefore, the difference of latitude of A and B is 
measured by the difference between AD xad^BO ; that is, by AD — BG, 

AD = ND-NA=NG-'NHz= JVTT- NV (Ch. Art. 36, VHI.). 

Also, BG^^ND^NL-NG- NB^NW-- NR. 
'.AD''BG-NL--NA^NB-NH=iNR^NV', 
:=^AL — HB=^ F'i2,etc. 

If the point P be taken on a parallel of latitude south of the equator, 
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the difference of latitude would be measured by UP or by Aa^ an arc of 
a meridian intercepted between the parallels. 

229. It is evident that the position of any point or 
place on the earth's surface is determined if the lati- 
tude and longitude of the point or pUnce are known. 

Thus, suppose NWSB to represent a hemisphere of the earth; NWS 
to be the meridian from which longitude is reckoned; TFD^to be the arc 
of the equator; RLB and VAH to be parallels of latitude; and ND8^ 
NBS to be meridians. 

Suppose the latitude of the point to be 30** N., and the longitude to 
be 40° E. If, now, RLB be a parallel of latitude, of which the polar 
distance NR, NL, or NB is 60" (Ch. Art. 86, VIIL), since NW, ND, op 
Na is 90° (Ch. Art. 37, VIIL), WR, DL, or QB is 30° ; therefore, RLB 
is a parallel of latitude^ every point of which is 30° N. of the equator. 
Consequently, the point whose latitude is given must be found somewhere 
on this arc RLB, Again, if NDS be a meridian, whose plane NDS 
makes with the plane WNS an angle of 40° (measured by the arc WJ} 
of the equator) the longitude of every point on NDS is 40° E. There- 
fore, the point whose longitude is given must be somewhere on the me- 
ridian NDS, Since the point is on the arc RLB^ and at the same time 
on the arc NDS^ it must be at their intersection, L, Therefore, the 
point is determined when its latitude and longitude are given. 

It might be said that two circles intersect twice (Euc, 10, III., Ch. Art. 
22, II.), and therefore that the point of the circle RLB diametrically 
opposite to L would be indicated by lat. 30° N., long. 40* E. This ia 
evidently false, since the other half of NDS and the other half of RLB^ 
which, by their intersection, determine this second point, are on the other 
hemisphere. The latitude pt this second point t« 30° N., but its longitude 
is 140° W. of the assumed meridian ((a) Art 226). 

230. As charts of the earth's surface are constructed for the use of 
navigators with meridians and parallels of latitude either drawn on them, 
or indicated, if a ship's latitude and longitude are known, the position of 
the ship is determined. It is important that this position should be de- 
termined from day to day, and therefore it is important that the ship's 
latitude and longitude should be known. Latitude and longitude are best 
obtained by observations of the heavenly bodies. This is a department 
of navigation which belongs to astronomy. It is necessary to have other 
methods of determining a ship's position when it is impossible to resort 
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to the methods of astronomy. These other methods are now to be con- 
sidered. 

231. (a) The distance sailed by a ship in, going from 
one point to another, is the length of the line traversed 
by the ship between the two points. 

(&) The bearing or course of a ship, at any point, is 
the angle which the line traversed by the ship (that is, 
the distance) makes with the meridian passing through 
that point. 

If a ship cuts every meridian at the Bame angU^ she is said to continue 
on the same course. 

If a ship is said to sail a given distance on a given course, it is as- 
sumed that in that distance she continues on the same course. 

The path made by a ship continuing on the same course is called a 
rhutnb line, or simply a rhumb, 

(c) The departure of a ship, in sailing from one point 
to another, is the whole east or west distance she makes 
measured from the meridian from which she sails, and 
is an easting or westing according as she sails in an 
easterly or westerly direction. 

If the distance sailed is smaJl^ it may be considered 
a straight line, and the departure might also be regarded 
as a straight line measuring the perpendicular distance 
between the meridians of the two points. In this case 
the meridians may be considered parallel straight lines 
(as in surveying), since they are lines on a small por- 
tion of the earth's surface (Art. 178), and are perpendicu- 
lar to the same line. 

If the distance is not small, it may be divided up 
into such a number of small parts that each of them 
may be considered as a straight line. The departure of 
each of these small distances will then also be a straight 



260 



APPLICATION OP PLANE TRIGONOMETRY. 



line, and the departure of the whole distance will be the 
sum of the departures of the parts. 

(d) Difference of latitude of two points has already 
been defined (Art. 228). 

If a given distance sailed by a ship is small, it may 
be regarded as a straight line, and then the difference 
of latitude of the two extremities of the line, represent- 
ing this distance, is measured by a line, which may be 
also regarded as a straight line. The difference of lati- 
tude is then a northing or southing (as in surveying). 

If the distance is not small, it may be divided into 
such a number of parts that each part may be small 
enough to be considered a straight line. The difference 
of latitude of each part will then be a straight line, and 
the difference of latitude of the whole distance will be 
the sum of the differences of latitude of the parts. 




Thus, suppose ^(7 to be a small distance on the earth's surface. Let 
^iTand BC be meridians of the points A and C, and let these lines be 
considered paralleL If CK be a perpendicular to AK drawn from (7, it 
will be the departure of ulC, and ui^will be the difference of latitude of 
A and C, or the difference of latitude for the distance A C. 

If the distance be a long distance, as from A to 2), then it can be 
divided into such a number of short distances — as, for instance, AO^ CE^ 
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EO^ and (7i>— that each one of them can be confiidered as a straight 
line. If AK, CB, EF, and QH be the meridians of the points A, C, E, 
and Of and if CK be the perpendicular from C to AK, EB be perpen- 
dicular to CB, GF to EF, and DH to OH^ then the dtparture for AD 
will be KC-{-BE+FG-h HD, and the difference of UOUude wiU be 
AK-^- CB+EF-h GH. 

232. Plcme sailing is the art of determining the 
position of a ship at sea by means of a right-angled 
plane triangle. Of this triangle the hypotenuse is the 
distance, the base is the difference of latitude, the per- 
pendicular is the departure, and the angle between the 
base and the hypotenuse is the course. 




When the distance sailed is short, it is evident from the figure that 
the four quantities mentioned are the parts of a right-angled triangle ; 
for then AC \a the distance, AK is the difference of latitude, KC at 
right angles to AK is the departure, and CAK is the course. 

If the distance sailed is not short — ^as, for instance, the distance AD 
— ^then divide it into such a number of small distances, A C, CE^ EG, and 
GDy that each may be considered a straight line. Complete the figure 
as in the preceding article. Suppose the ship's course to be the same in 
sailing from A to D, then the angles CAK, ECB, GEF, and DGH are 
equal {{b) Art. 231). 

Now, take any straight line A'N, and on it lay off A'Cy CE, EG', 
and G'D'y equal respectively to A C, CE, EG, and GD, and on these 
lines A' (7, C'E, E G\ and G'D' constnict right-angled triangles A'K C, 
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CBE, EFQ\ and Q'H'iy equal respectively to AKC, QBE, EFG, 
and OHD^ then A'D'=AD^ the distance, and 

A'K + CB + EF-^r Q'H^AK-k- CB-{-EF-{- G^^= difference 
of latitude ; 

ir'C+ BE-h EG'-^ Jy2>'= KC+BE-\-FO-\-HD = departure. 

Since the ship sails on the same course, the angles K'A' C, B CE,^ 
FEO\ and H'O'iy are all equal, and, 
therefore, the lines A'lC, CB, EF, GIT 
are parallel; also, the lines E'C, BEy 
FG\ and H'D' are parallel (Euc, 28, L, 
Ch. Art. 66, L). Produce A'K and D'ff 
to meet at R\ produce CB and EF to K' 
meet D'R at 8 and T; and produce -S'J?' ^ 
and G'F to meet ^'/e at O and P. /? is a 
right angle, since it is equal to K' (Euc, 29, L, Ch. Art. 61, 1.). A'RD' 
is consequently a right-angled triangle. A'D' represents distance sailed. 
D'A'R represents the course. A'R represents the distance of latitude, for 

A'R=A'K + KO+ OP+PR=A'K'+aB + EF+ G'ff (Euc, 34, 
L, Ch. Art. 104, 1.). 

Rjy represents the departure, for 

RD' =:RS+ ST+ TH' + IID' =E C + BE + FG'+ SU, 

233. Any two parts of a right-angled triangle being 
given, in addition to the right angle, the other parts 
may be found (Arts. 24-32); therefore, of the four 
quantities, the distance^ the course^ the departure^ and 
the difference of latitude, any two being given, the 
other two may be found, since these quantities may be 
represented by the parts of a right-angled triangle, as 
has been shown in the preceding article, and will, there- 
fore, have the same relation to one another as the cor- 
responding parts of the right-angled triangle. 

When the distance is small, this is evident. If the distance is great, 
it may be divided, as before, into such a number of small distances, -4(7, 
CEy EGy and GD^ that each may be considered a straight line. Let the 
differences of latitude for these small distances be AK, CB^ EF^ and GHy 
and let the departures be £(7, BE^ FG^ and HD, As the course is sup- 
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posed to be the same for the whole distance AD^ the angles CAK^ ECB, 
GJSF, and DGHsLre all equal. 




AK 
In the right-angled triangle AKC^ — - = cos. CAK^ cos. course ; 

AC 

CB 
In the right-angled triangle CjB^, — - = cos. BCB= cos. course ; 

JEW 
In the right-angled triangle EFG^ —— = cos. FEG = cos. course ; and 

EG 

GH 
In the right-angled triangle GHD^ — = cos. HGD = cos. course. 

Therefore (Ch. Art. 12, III.), 

AK+ CB+EF+ GH 

(1) = cos. course. 

^ ^ AC+ CE+EG-{- GD 

Now, if we construct the right-angled tri- 
angle A'RD\ as in the preceding article, 
having A'D' = AD, then, as in Art. 232, it 
may be shown that A'R=iAK-\- CB + 
EF-h GH=:dit of latitude, and A'D' — 
AC+ CE-\- EG'\- GD = AD = dist. 

Substituting these values in (1) we have : 

A' a difference of latitude 

— — - = = cos. course ; or, 

A'D distance 

(2) difference of latitude = dist. x cos. course. 
In same manner it can be shown 

(3) departure = distance x sine of course ; 

(4) departure = difference of latitude x tan. course ; 
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and that the other relations shown to hold between the parts of a right- 
angled plane triangle hold between the quantities in nayigation repre- 
sented by these parts. 

234. If at a given time it is required to find the 
position of a ship hj plane sailing ^ the rate of speed per 
hour at which she is sailing is firgt ascertained. This 
rate, multiplied by the nimiber of hours elapsed since 
the last ascertained position, will give the distancetrom 
that position. The angle made by the direction in 
which the ship is headed, and the N. and S. line of the 
mariner's compass (with correction, if necessary), will 
furnish the course. From these data the difference of 
latitvde and the departure are found ((2) and (3), Art. 
233), and thus the position of the ship is known. 

For example, suppose the average rate of sailing is ascertained to be 
9 miles an hour, and that 12 hours have elapsed since the last ascertained 
position, then the distance is 108. If the course is observed to be N. 30"* 
E., the ship's position N. of her last position will be, in mUes, 108 x cos. 
30°, or 93.6 miles, and her position E. will be 108 x sin. 30°, or 64 miles. 

235. The rate of sailing is ascertained by means of 
the log and line. 

The logy in one of its simplest forms, is a triaogalar piece of wood, so 
weighted as to assume, when attached to its line and placed in water, a 
position calculated to oppose the most resistance to force applied to the 
line. The line is a rope knotted at regular intervals. 

When the log is thrown overboard and the line is reeled out by the 
forward motion of the ship, the number of knots passing over a given 
point in a given period of time will give the rate of sailing for that period 
of time. Moreover, if the interval between the knots he the same part of 
a mile that the period of time is of an hour^ the number of knots passed out 
during the period of time vnU give the number of mUes per hour sailed by 
the ship. 

For instance, let the period of time be ^ minute or jIo hour, then 
the interval between the knots must be t2(J ^^g* Suppose, then, 4 such 
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knots (cooDting the intemls hj the knots) ahonld be reeled out b; tha 
forward motion of the ship daring i minute, we should find the distuico 
Bailed per liour (that ia, the rate per hour) b; the proportion 
i min. : 60 min. :; ji-^ mile : x (the distance per hour], 
. ' . X = 2 X 60 X -yi^ = 4 mileB, the same number of miles per hoar 
a* knots per liatt minute. 

236. The marinei's compass consisU of a circular 
card attached to a magnetic needle, which generallj 



points N. and S* Each quadrant of this card is di- 
vided into eight equal parts, called points, to which 
names are given as represented in the accompanying 
figure, f 

• Tiie mogDetic needle does not at all places on the earth's surfare 
plant N. and S. Charts for the nae of navigators, however, give tho 
amount of variation for places where the needle is subject to Tarialion 
so that for such plaees a correction can lie applied to the direction indi- 
cated by the needle, so aa to obtain a true N. and S. line. 

\ The oamii^ of the points iji each quadrant will be seen to be not 
12 
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Also, to express courses between the points, tlfe points are subdivided 
into half-points and quarter-points. 

The points are read (taking the quadrant between the N. and £. 
points), North by East, North North East, North East by North, North 
East, etc., etc. 

The angle between two adjacent points is ^tP^, or 11° 15'. 

237. Distance, departure, and diflference of latitude 
are all expressed in nautical miles. 

A nautical mile is equal to a minute of an arc of 
the circumference of a great circle of the earth. 

As there are 69.116 common miles in a degree of such an are (Ex. 5, 
Art. 173), a nautical mile is longer than the common statute mile. 

Differences of latitude expressed in degrees and 
minutes is, therefore, easily converted into miles, or, 
when expressed in nautical miles, is easily changed into 
degrees and minutes. 

Thus, 5° 33' difference of latitude = 333 miles ; and 
656 miles difference of latitude = 10° 56'. 

Example 1. A ship sails N. E. b. N. a distance of YO miles. Required 
her departure and difference of latitude at the end of that distance. The 

without method. Thus, in the quadrant between N. and E., the point 
midway between N. and E. takes its name from both these points ; then 
the point midway between N. and N. E , and the point midway between 
E. and N. E., take their names respectively from the two points between 
which each is situated, as one of these is North and the other is East 
of N. E. 

The remaining points are named fj'om the nearest main point (calling 
N., E., and N. E. main points), with the addition of N. or E. as the point 
to be named is north or east of this nearest point, with the word by 
placed between the two. Thus, the point between N. and N. N. E. is N. 
by E. ; the point between N. N. E. and N. E. is N. E. by N. ; the point be- 
tween N. E. and E. N. E. is N. E. by E. ; and the point between E. N. E. 
and E. is E. by N. 

The points of the other quadrants may be shown to be named on the 
same method. 
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course is 8 points from N. toward £., and is, thefefore, 8 x (11" 16') or 
SS'* 45'. Ans, Dep. = 38.89 miles ; dif. lat. = 68.2 miles. 

2. A ship from lat 38** 6' N. sails S. S. W. 862 miles. Eequired her 
departure and the latitude arrived at. 

Am, Dep. = 138.6 miles; lat. 21" 80.6' N. 
8. A ship, leavmg port in lat. 42° N., sails S. S?"* W. till her depar- 
ture is 62 miles. Required the distance sailed and the latitude arrived 
at. Ana. Dist. = 103 miles; lat. 40** 38' N. 

4. A ship sails S. 60° E. from lat 7° N. to lat. 4° S. Required her 
distance and departure. 

Ans. Dist = 1026.78 miles; dep. = 786.66 miles. 
6. A ship sails from the equator on a course between S. and W. to 
lat 6** 62' S., when her departure is found to be 260 miles. Required her 
course and the distance sailed. 

Ans. Course = S. 86* 27' W. ; dist = 487.6 nules. 
6. A ship sails from lat. 8° 2' N. on a course between N. and W. a 
distance of 382 miles, when her departure is found to be 160 miles. Re- 
quired her course and the latitude arrived at. 

Ana. Course = N. 28° 7i' W. ; lat 8° 68' N. 

Art. 238. A tra/verse is the path described by a ship 
which changes its course from time to time. 

The object of traverse sailing is to find the posi- 
tion of a ship at the end of a traverse ; the distance 
sailed from the position left to the position reached ; 
and the course for this distance. 

The method of accomplishing this object will best 
be seen by means of an example. 

Suppose a ship to start 
from A and sail to B, then 
from B to (7, and then from 
C to I). It is required to 
find her position at Z), that 
is, to find the difference of 
latitude and the departure made in going from A to B. 
These quantities being found, the distance ABj and the 
course BAk, can be calculated (Art. 28). 
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(Rbmabk. — The distances ABj BC, and CD are all supposed, in trav- 
erse sailing, to be short distances, and therefore are to be treated, like 
similar distances in plane sailing, as straight lines.) 

Through B^ A^ and C suppose meridians /m, Ik^ and CA, and through 
B^ A^ Cy and D parallels of latitude Bf^ me, Cp, and Dkn to be drawn. 

Ak is the difference of latitude of AD, and kD is the departure of 
AD. 

(1) Ak = mh:=: Cfh" Cm= Ch-'{Cf + fm)= Ch- (Bp -^ eB). 

Now, Ch is a north latitude, and Bp and eB are south latitudes ; there- 
fore, the difference of latitude of AD is equal to the difference between 
the JVl latitude of one distance of the traverse and the sum of the S, lati- 
tudea of the other distances. 

(2) kD = nD — hi; 

= nA + hD — Ae; 

= pC ■\' hD — Ae; 
But pCaxid KD are west departures, and Ae is an east departure ; 
therefore, the departure for AD is equal to the difference between the 
sum of the west dcpartui^s of two distances of the traverse and the ecttt 
departure of the third distance. 

In the case given above, the number of the parts 
of the traverse is only three, but, if a fourth distance 
on a course between N. and E. were given, a second 
north latitude and a second east departure would enter 
our figure, so that the difference of laiitvde between the 
first and last position of the ship would, in that case, 
be equal to the difference between the sum of the north 
latitudes and the simi of the south latitudes ; and the 
departure^ in passing directly from the first to the last 
position, would be equal to the difference between the 
sum of the east departures and the sum of the west de- 
partures. The same principle would hold true for a 
traverse of any number of distances greater than four. 
The proof would be similar to that given above for a 
traverse of three distances. The principle stated may, 
therefore, be taken as a general one. 
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Example 1. Suppose a ship sailing on a traverse makes oounes and 
distances as follows : from ^ to .S, E. b. S. 16 miles ; from Bto (7, W. 
b. S. 30 miles ; and from C to i>, N. b. W. 14 miles. Required the dis- 
tance from AtoD and the course for that distance. Solution : 





Conn*. 


DhUaeo. 


N. 


8. 


E. 


w. 


1 

2 

8 


8. 78- 45' E. 
B. 78- 45' W. 
N. 11* 15' W. 


16 
80 
14 


18.78 


8.12 
5.85 

• • • • 


15.69 


29.42 
2.78 


Sum. 






18.78 
8.97 


8.97 


15.69 


82.15 
15.60 



Dif. of lat. = 4. 76 N. Dep. = 16.46 W. 

. • . (In preceding figure) Ak = 4.76, and kD = 16.46. 

kD __ 16.46 

Ak "■ 



Course = kAIX, — - = — ^ = tan. 78° 52' 15' = tan. kAD. 



4.76 

. • . Cimne = N. 78^ 52' 16' W., or N. 78° 62' W., as the result is 

generally given only to the nearest minute. 

kD 16.46 

JHst. = AD = — 77 = -: — —z — ; = 17.18 miles. 

sin. DAk sin. 73° 52' 

2. A ship sails on a traverse, making the following courses and dis- 
tances : S. E., 25 miles ; E. S. £., 32 miles ; E., 17 miles ; N. b. W., 63 
miles. Required the distance from her first to her last position, and the 
course. Am, Dist. = 60.94 miles ; course = K. 68° 29' E. 

3. A ship sails on a traverse, making the following courses and dis- 
tances ; N. E., 26 miles ; E. S. E., 40 miles ; E. b. N., 36 miles ; N. b. W., 
83 miles. Required the course and distance from her first position to 
her last position. Ana. Ck>urse = N. 63° 16' E. ; dist. = 92.41 miles. 

239. Parallel sailing is saiKng on a parallel of lati- 
tude. In parallel sailing, therefore, a ship sails east or 
west {{a) Art. 225). The distance is the same as her 
depoHure^ and the difference of latitude disappears. 

The problem in parallel sailing is to convert dis- 
tam/ie on a parallel into difference of longitude ; that is, 
given a distance between two meridians measured on a 
parallel, to find from it the distance between the same 
meridians measured on the equator ((J) Art. 226). 
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The method of solving this problem will be under- 
stood by means of the accompanying figm-e, which rep- 
resents a part of the earth. 

In this figure let C represent the centre of the earth ; 
P be one of the poles ; EF2, part of the equator, C£*and 
CF its radii ; AB a part of a parallel of latitude inter- 




cepted between two meridians, PAE and PBF\ and 
let DA and DB be the radii of this parallel. 
Draw the radius ^(7. 

AJ> AT) 

(Ch. Art. 39, v., and Art. 39, TI.). 



EF EC 

ACco^.DAO 

" AC 



= cos. DAC= cos. ACE. 



But A CE is the latitude of A (Art. 227), or of the 
parallel AB. 

distance on parallel between two meridians 

distance on equator between same meridians 
= cos. lat. of parallel. 

Or, expressing this in other terms, 

, ^ dist. on a parallel , _ __ _ 

dif . of longitude 
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^ V ,.^ ^, . , dist. on parallel 

. • , (2.) dif. of longitude = -— 

COS. lat. of parallel 

=dist. on parallel x sec. lat. 

240. Since for a short distance departure is meas- 
ured on a parallel of latitude ((c) Art. 231), in (1) of 
last article substituting departure for distance on a 
parallel, we have — 

(1.) departure = dif. of long, x cos. lat. ; and, 

departure 

(2.) dif. of long. = — = departure x sec. lat. 

cos. lat. 

241. In plane sailing, when the distance sailed is 
short, the departure can be converted into difference of 
longitude by formula (1) of the preceding article, or, 
when the difference of longitude is given, it can be 
changed into departure by formula (2) ; in both cases 
the parallel of latitude being supposed to be known. 
But, if the distance is not short, there is danger of error, 
since the latitude varies from point to point of the dis- 
tance, and the departure is neither the distance on a 
parallel through the point from which the ship sails, 
nor on a parallel through the point arrived at. This 
will be understood from the figure on page 272. 

Suppose the figare to represent a part of the earth's surface, and that 
A C represents the distance sailed by a ship. The departure for that dis- 
tance would be KE + LF + MG, etc. ((c) Art. 231), which is, evidently, 
equal to neither ^27 nor RC^ since, as the meridians PE^ PF, etc., meet 
at the pole P, the distance between them measured on a parallel dimin- 
ishes as we proceed from the equator. The total departure is conse- 
quently less than AD and greater than RC. It would, also, be incorrect 
to convert this departure into difference of longitude by using the lati- 
tude of RC or the latitude of AD, as we really ought to use the latitude 
of the part departure, KE^ for KEy the latitude of LF for LFy etc., and 
then take the sum of the differences of longitude corresponding to these 
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depariares for the whole difference of longitude. If this method were 
practicable, and we could make the distances AE^ EF, etc., small enough, 
we should find the differenoe of lon^tude without appreciable error. As 




this method is not practicable, two other methods are used for changing 
departure into difference of longitude. One is the method of middle laii- 
tnde sailing, the other is the method of Mercaior^t »aUinff, 

242. In middle latitude Bailing, departure is con- 
verted into difference of longitude by using, in (2) Art. 
240, the latitude, whose parallel is midway between the 
parallel of the point sailed from and the parallel of 
the point arrived at. 

This latitude is equal to the Juilf 9um of the latitude 
sailed from and the latitude arrived at, if both latitudes 
are on the same side of the equator, but to the half differ- 
ence^ if one is north and the other south of the equator. 

Thus, suppose 8T\% the parallel midway between RC and AD\ that 

is, suppose A8z= SRy A and C being both north of the equator. W8 is 

the measure of the latitude of the parallel ^8^7* (Art. 227). 

«r« 2( WA + AS) WA+WR 

W8 = ^^ = • 

2 2 

In a similar manner it may be shown that, in case one place is north 

and the other south of the equator, the middle latitude is half the diffei^ 

ence of the latitudes of the two places. 
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The method of middle latitude sailing is not perfectly exact, but 10 
made nearly bo by applying correctionB taken from a table prepared for 
that purpose. For short distances or for sailing near the equator it is 
practically correct. 

243. In MeTGOioT^B sailmg departure is converted 
into difEerence of longitude by means of the principles 
of Mercator's chart. 

As the meridians all pass through the poles, a chart, 
in order to represent correctly the earth's surface, should 
make the meridians' lines curved and approaching one 
another toward either pole. The parallels of latitude 
being circles smaller and smaller the nearer they are to 
the poles, should, on a correct chart, be shorter and 
shorter curves the farther they are from the equator 
(Oh. Art. 30, VIIL). 

On Mercator's chart, the equator, the meridians, and 
parallels of latitude are all represented as strwigM lines. 
Meridian lines are all drawn at right angles to the equa- 
tor, and are, therefore, parallel to each other. Parallels 
of latitude are made parallel to the equator, and there- 
fore, like parts of any parallel, are equal to like parts of 
the equator (Euc, 34, 1., Oh. Art. 104, 1.). On Merca- 
tor's chart, therefore, the east and west dimensions of 
any part of the earth's surface are made too large, ex- 
cept near the equator. To preserve the true proportion 
existing between the dimensions of any particular part 
of the earth, the north and south dimensions are length- 
ened in proportion to the lengthening of the east and 
west dimensions. The method of accomplishing this 
will be understood by means of the accompanying fig- 
ures. 

On a chart representing the curved surface of the 
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earth, let FA, G TT, KH, be meridian Knes ; A WHhQ 
part of the equator ; and BCj DE, and FGKhe parts 
of parallels of latitude. If AW he a part of the equa- 
tor, and ABj BDj and DF be like parts 
of a meridian, A TT, AB, BD^ and DF 
will all be equal, since the equator and 
a meridian are equal circles (Arts. 223 
and 224, Ch. Art 29, VIIL). BC\ 
DE^ and FG will be the same parts of 
the parallels of latitude to which they 
belong, that A TT, AB, BD, and DF 
are of their circles, since any one of 
them, as BG^ measures the same plane 
angle which A TT measures ; that is, the 
plane angle of the diedral angle of the planes of the 
meridians (Ch. Art. 39, VI., and Art. 39, V.). 

Now ^5 = J. F = ^C'sec. lat. of BC{{^) Art. 239) ; 
BD^AW^ DEe^a. lat. of DE, 
DF= A Tr= FG sec. lat. of FG. 
On Mercator's chart, ^<7 being made equal to AW^ 
its length is equal to its length, on d, 
chart representing a curved surface, 
multiplied by the secant of its latitude ; 
BO, also, DE on Mercator's chart is equal 
to its length, on a chart representing a 
curved surface, multiplied by the secant 
of its latitude. To make the north and 
south dimension lengthen in the same pro- 
portion with the lengthening of the east 
and west dimension, AB on Mercator's 
chart is equal to its length, on a chart representing a 
curved surface, multiplied by the secant of latitude of 
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BG\ BD is equal to its length multiplied by secant of 
latitude of DE^ etc., etc. Mercator's chart may, there- 
fore, be said to be a chart of the earth's surface on 
which the unit of the scale of representation is continu- 
ally changing for each latitude. Near the equator the 
parts of the earth's surface are correctly represented. 
As we go north or south from the equator, the parts of 
the earth are enlarged as compared with the parts near 
the equator. 

Thus, in latitude 60° north or aouth, the east and west dimension of a 
part of the earth compared with its true dimension, as represented in terms 
of the unit of the scale of representation at the equator, is equal to the 
true dimension multiplied by secant 60** ; but sec. 60° is 2 (Art. 16), con- 
sequently the east and west dimension is doubled. As the north and 
south dimension is also doubled, the area is quadrupled. 

244. The path of a ship continuing on the same 
course, is on Mercator's chart, a straight line, since to 
continue on the same course the ship must cut each of 
the meridians at the same angle, and the meridians are 
parallel straight lines ((J) Art. 231, Euc. 29, 1., Ch. Art. 
51, L). 

245. A table of meridional parts is a table of the 
lengths of any required number of minutes or degrees 
of Mercator's meridian (proceeding from the equator), 
in terms of some small part of the true meridian taken 
afi a unit. The unit generally taken is 1'. 

As Mercator's meridian is longer than the true 
meridian on a chart representing a curved surface, and 
is continually lengthening, the number of parts in a 
certain number of degrees and minutes of the table, 
will generally be greater than the number of m,inutes 
in the corresponding number of degrees and minutes of 
true meridian. 
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Thus, for example, the number of parts of 8° of the table of meridio- 
nal parts is 481.6, while the number of minutes of 8** of true meridian 
is 480. 

Near the equator the number of minutes of true 
meridian, and the number of meridional parts of the 
same degree measure, are equal. 

This will be seen by referring to the method of constructing Merca- 
tor's chart. 

Taking the second figure of Art. 243, let ^ IT represent 1' of the 
equator, and AB, BD^ DF be each 1' of meridian. Then BC, DB^ FG 

are respectively 1' of parallel of 1', 1' of parallel of 
2', 1' of parallel of 8'. 
But on Mercator's chait, 
AB = BC X sec. lat. of BC; 
=:AWx sec. 1' ; 
also, BD = DB x sec. lat. DB; 

= AWx sec. 2' ; 
and DF= ^ IT x sec. 8', etc., etc. (Art. 248). 
,',AF=AB+BD'^DF 

^AWx (sec. 1' + sec. 2' + sec. 8'). 
But as A IK was taken as our unit, 
. • . AF= sec. 1' + sec. 2' + sec. 8'. 
As ^7^ is only 8' of Mercator's meridian, and as 
sec. 1', sec. 2', sec. 8' are each 1, AF would equal 8 ; that is, the num- 
ber of parts of 8' of Mercator^s meridian would be the same as the number 
of minutes of true meridian. But the length of 40° of Mercator's meridian 
could be shown to be -4 W (sec. 1' + sec. 2' + sec. 3' + , etc., up to sec. 40°) ; 
or, as ^ IT is 1, to be the sum of the secants of all the angles, differing 
by 1', from 1' to 40° inclusive, a sum which by inspection can be seen to 
be greater than 2400 — ^the number of minutes in 40°. 

{a.) Meridional difference of latiimde is the distance 
on Mercator's meridian between two parallels of lati- 
tude. 

Where the latitudes of two places are given the 
meridional difference of latitude is found by taking the 
meridional parts of the less latitude from the meridir 
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(mal parts of the greater, if both are norths or both are 
south latitudes ; but, by adding the meridional parts of 
the two latitudes, if one is north and the other south 
latitude. 

The rule is the same as for finding the true difference of latitude (Art. 

228), except that meridional parts of latitude are used instead of latitude. 

EzAMFLK 1. Lat of Newport, R. I., is 41° 29' N. Merid. parts 2740.2 

Lat. of Savannah, 6a., is 82*" 6' N. Merid. parts 2084.3 



Dif. of lat e° 24' 
2. Lat. of Gape Nassau is 1° 82' N. 
Lat. of Gape St. Roque is 6^ 28' S. 

Dif. of lat. IS** 0' 



Merid. dif. lat. 706.9 
Merid. parts 463.3 
Merid. parts 828.6 

Merid. dif. lat. 781.8 



If one latitude is given, and the meridional difference 
of latitude is found, the latitude required is found by add- 
ing the meridional parts of the given latitude to the me- 
ridional difference of latitude, if the place whose latitude 
is required is farther from the equator than the place 
whose latitude is given, and if both places are on the same 
side of the equator ; but, by subtracting the meridional 
difference of latitude from the meridional parts of the 
given latitude if the place whose latitude required is 
nearer the equator than the place whose latitude is 
given ; the degrees and minutes, answering to the re- 
sult as found in the table of meridional parts, will be 
the latitude required. 

This will be eyidcnt from the figure, in 
which WZ represents the equator on Mer- 
cator's chart. 

If the latitude of A is given, the me- 
ridional parts, or the distance A W, can be 
found from the table. AB being the me- 
ridional difference of latitude, the meridio- -^ 

nal parts of C or the distance, LC= WB 'jj^ — jq — -^^ "^ jp 

^5 WA + AB, 
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If the latitude of C is giren, then from the table CL{=z WB) ia found ; 
then,-4Pr= WB — AB= CL — AB, 

Example 1. Lat. of place left is 26° 6' N. Merid. parts = 1566.6 
Ship sails northerly till she makes merid. dif . of lat. T50. 

Meridional parts of place arrived at = 2306.6 
Therefore, from table, latitude arrived at is (nearly) 85° 51' N. 
2. Latitude of place left is 46° 10' S. Merid. parts = 3130. 

Ship going northerly, her merid. dif. of lat. is found to be = 826.6 

Merid. parts of lat. arrived at = 2304.4 
. Therefore, latitude arrived at is 85° 49' S. 

If a ship starting from one side of the equator sails 
to a point on the other side, the latitude of the point 
arrived at is found by subtracting the meridional parts 
of the given latitude from the meridional difference of 
latitude ; the result will be the meridional parts of the 
required latitude. 

Example. The meridional difference of latitude is. . . .' ^ . . . ^ . . 1805.8 
which is made by a ship going norih^ starting from lat. 8° 41' S. . 62S. 

Therefore, latitude arrived at is 20° 54' N. Merid. parts 1282.8 

It is evident, therefore, if the meridional difference 
of latitude made by a ship osSlrngfrom a point on either 
side of the equator -^z^^orcZ a point on the opposite side, 

exceeds the meridional parts 
of the latitude left, that the 
ship has crossed the line and 
has arrived at a N. latitude, 
if the latitude left was S., 
■B but has arrived at a S. lati- 
tude if the latitude left was N. 

Thus, on the figure, WE representing the equator, a ship sails from B 
toward A. misrepresents the meridional parts of the latitude left, BD 
is the meridional difference of latitude, AC represents the meridional 
parts of the latitude arrived at. AC=: WD = BJ)—BW, 
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24:6. Comhmmg Mercator^s sailing with plane sailing. 

Let the figure represent a part of Mercator's chart, 
on which W£ is the equator, and AC Ib the distance 
between two points A and G. 
CAB is the course for that dis- 
tance. K, from (7, CB be drawn 
perpendicular to the meridian -S 
TTjB, AB will be the meridional 
difference of latitude, and BC 
will be the departure (((?) Art. 
231). 

Now, BC = WL (Euc, 34, 
I., Ch. Art. 104, I.) ; that is, depa/rture^ on Mercator's 
chart, equals difference of longitude ((5) Art. 226). 

If, in plane sailing, the same course and distance 
were represented by the hypotenuse and acute angle 
of a right-angled trian- 
gle, A'RD (Art. 232), A'R " d » r. lo n g 
would be tnie difference of 
latitude, RD would be de- 
parture. 

l&oyff.ABC^vAA'RD 
are similar triangles (Ch. 
Art. 26, III.), since the an- 
gles A and A' are equal, as 
they both represent the same course, and the angles R 
and B are right angles. Placing the angle A upon A\ the 
two triangles may be combined, as in the figure ; then — 

A'R RD . . 

that IS, 




A'B 
(1.) 



BC 

dif . of lat. 



dep. 



mend. dif. of lat. dif. of long. 
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Also, BC= A^B X tan. A' ; that is, 

(2.) dif . of long. = merid. dif . of lat. x tan. conrse. 

By means of these two triangles all cases of Merca- 
tor's sailing may be solved, and the position of a ship 
at sea may be determined from the nslial data. 

The Utitade of one position of the ship, either of the point left or the 
point arrived at, must always be known in order to use Mercator's sailing. 
The line AC is not required in calculations. ^'D represents the 
true distance. 

Example 1. A ship starting from lat. 87° N., long. 10° W., sails on a 
course between N. and E. to lat. 41° N., making a distance of 300 miles. 
Required the course and the longitude arrived at. 

Lat. 41° N. Merid. parts = 2701.6 

Lat. 8Y° N. Merid. parts = 2892.6 

Dif. of lat. = 4° = 240' Merid. dif. of lat. = 809. 

Taking the figure of the preceding article, AB = 800, A'E = 240, 

and^'J5=809. 

A'R 240 

= — = cos. A = cos. course. BC = A'B x tan. A 



A'D 800 



dif. long. = 809 x tan. 36° 62' 12* 
Log. 240 = 2.880211 Log. 809 = 2.489968 

Log. 300 = 2.47Y121 Log. tan. 36° 62' 12' = 9.875063 



Log. COS. 36° 62' 12' 9.903090 Log. 231.76 2.865021 

Course = N. 36° 62' E. 93 dif. long. = 8° 61.76' E. 4926 

8 cor. 2' cor. 6 95 

Long, left, 10° W. 
Dif. of long. 8° 61.76' E. 

Long, arrived at = 6° 8.25' W. 

2. A ship, leaving lat. 60° 10' N., long. 60° E., sails E. S. E. till her 

departure is 957 miles. Required latitude and longitude arrived at, and 

the distance sailed. 

957 957 

= dist.* :: — - = dif. of lat. 



sin. 67° 80' tan. 67° 80' 



* No figure is given for this example, but the student is advised to 
plot the figure for it, and the figure for each of the examples which 
follow. 



NAVIGATION. 281 

Log. 967 = 2.980912 Log. 957 = 2.980912 

Log. sin. er 80 = 9.965616 Log. tan. 6^ 30' = 10.882776 



Disi, = 1035.85 miles = 3.015297 Log. 896.4 2.598136 

4940 Dif. lat. = 6' 36.4' S. 4 



cor. 85 857 Lat. left. 60** 10' N. 

ZoL arrived at 48° 38.6' N. 
Merid. parts of 50° 10' = 8490.1 
Mend, parts of 43° 88.6' = 2909.2 

Merid. dif. of lat. = 580.9 log. = 2.764101 
Log. tan. 67° 80' = 10.882776 

Dif. of long. = 28° 22.4' E. Log. 1402.4 = 8.146877 

Long, left, 60° E. 748 

Lon^. arrived at 83° 22.4' E. cor. 4 129 

8. A ship, leaving lat 49° 57' N., long. 5° 14' W., sails on a course 
8. 89° W. till her latitude is found to be 46° 81' N. Required the dis* 
tance sailed and the longitude arrived at. 

Afu, Dist. =• 842.28 miles; long. = 10° 84.5' W. 

4. A ship sails from lat. 49° 57' N., long. 5° 14' W., to lat 89° 20' 
N., when her departure is found to be 789 miles. Required course and 
distance sailed, and longitude arrived at 

Ans, Course a 51° 5' W. ; dist = 1014 miles ; long. = 28° 47.6' W. 

5. A ship, leaving port m lat. 14° 45' N., long. 17° 88' W., sails on a 
course S. 28° 7i' W., till her longitude is 29° 26' W. Required the dis- 
tance sailed and the latitude arrived at 

Ant. Dist =2 1500.1 miles ; lat 7° 18' S. 

6. Required the course and distance from port of San Francisco, lat 
87° 48' N., long. 122° 21' W., to Jeddo, lat 86° 40' N., long. 140° B. 

Afu. Coarse a 88° 26' 16" W. ; dist = 4695 mUes. 



CHAPTER XX. 

SOME APPLICATIONS OF SPHERICAL TBIGONOMETBT. 

Abt. 247. To find the aJiortest distcmce between two 
points on the earthy the laiitude and longil/ude of each 
point being given. 

"We have to find the length of the arc of a great cir- 
cle not greater than a semi-circnmference joining the 
two points (Ch. Art. 105, VIIl.). 

Suppose A and C to represent the two points. If 
P represents the pole of the earth, WJE a part of the 




the equator, PjE the meridian from which longitude is 
reckoned, and P W and PB meridians through A and 
(7; then, WB will be the difference of longitiude of A 
and ((J) Art. 226) ; WA will measure the latitude of 
Ay and BC will measure the latitude of 67 (Art. 227). 
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In the spherical triangle APC, 

AP = P FT- A W= 90° - lat. of A ; 

PG= PB - BG=^ 90° - lat. of 0\ 
angle APC is measured by arc WB (Ch. Art. 57, VIII.), 
or, degrees of APC=^ degrees of diiference of longitude ; 
therefore, we have given two sides and included angle 
of a spherical triangle to find the third side. The third 
side can be found by Art. 157. 

248. A better method of obtaining the third side 
is to use one of the formulas of Art. 145. 

Thus, denote the sides opposite -4, P, and C' by a, 
jP, and c respectively. 

In formula (J) of Art. 145, substituting P iot By 

andjp for J, we have 

_ . COS. p — COS. c COS. a , . 

COS. P = ; ; , therefore 

sm. c sm. a 

(1) COS. jp = COS. c COS. a + cos. P sin. c sin. a, 

an equation which will give the value of P without 

ambiguity (Arts. 46 and 47). 

(1) can be written in the form 

, r, . sin. a\ 

COS. p = cos. a (cos. c + cos. P sm. c 1. 

COS. a/ 

In this expression assume tan. x = cos. P , or 

COS. a 

(2) tan. X = COS. P tan. a (Art. 58) ; then 

sm fl/\ 
COS. p = COS. a (cos. o -f sin. c — '— I, 

COS. x/ 

_ COS. a (cos. c COS. x + sin. c sin. x) 

COS. X 

/«N COS. a COS. (c — a?) ,,_^ . 
.-. (3) COS. i>= —4 ^ ((J) Art. 68). 
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(3) is more convenient for use of logarithms than (1). 
To find jp by (3) we first find x from (2), and then 
substitute its value in (3). 

Example 1. Reqiured the shortest distanee between a place in lat. 
ir 68' N., long. 76° 49' W., and Limerick, Ireland, in lat 62° 42' N., 
long. 9° 12' W. 

PC = a = 90° - 62° 42' = 87° 18'. P = 76° 49' - 9° 12' = 67** 37' 
P^ = c = 90° - 17° 68' = 72° 2'. 
tan. z = COS. P tan a. __ cos, a cos, (c — x) 

= cos. 67° 87' tan. 87° 18' ^^P- ^^^g j. 

Log. cos. 67° 87' = 9.680699 _^ cos. 87° 18' cos. 65° 61' 22.4*^ 

Log. tan. 87° 18' = 9.881839 - ^ ^^o ^^. 3^ g. 



Log. tan. 16° 10' 87.6' = 9.462638 Log. cos. 87° 18' = 9.900626 

z = 16° 10' 87.6' Log. COS. 66° 61' 22.4' = 9.749178 

c — z = 72° 2' — (16° 10' 87.6') Ar.co.log. cos. 16° 10' 87.6' = 0.017646 

= 66° 61' 22.4' Log. cos. 62° 17' 60' = 9.667346 

.•.jD = 62° 17' 60' 

= 8737.8 nautical miles. 
2. Required the shortest distance between Porto Rico, in lat. 18° 29' 
N., long. 66° 9' W., and Amsterdam, in lat. 62° 22' N., long. 4° 61' E. 

Ans. 8836.28 miles. 

248. When a ship sails between two points, making 
the shortest distance, she sails on the arc of a great cir- 
cle. In order to do this she cannot continue on the 
same course, as the arc of the circle does not cut all the 
meridians at the same angle, unless the arc sailed on be 
the equator (Ch. Art. 57, VIII.). 

249. To find the volumes of the regular polyedrons. 

(a) Let the figure represent a regular polyedron (a dodecaedron). 

From the centres JT, JJ, and X, of three faces draw the apothcms 
KN, HN, HM, and ML. Draw the straight lines KH and HL. The 
planes KNH^ HML^ are perpendicular to the lines CD and OF respec- 
tively (Ch. Art. 18, VL). The plane KNH is perpendicular to the faces 
ABCD, CD OF, and the plane HML is perpendicular to the faces CDOF, 
OESF(Ch. Art, 41, YL). 
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From. JT draw a perpendicular to the face ADCB, and from IT draw 
a perpendicular to the face CD OF: These lines will both lie in the plane 
KHH {Ch. Art. 50, YL), and will meet ; otherwise, the faces ABCD and 
CDGF will be one plane (Gh. Art. 34, YL). OH also lies in the plane 
HML (Gh. Art 50, YI.). Let these lines meet in O, and from O draw OL, 

The angles KNH and HML are the plane angles of the diedral angles 
CD and OF (Oh. Art 89, YL), and are, therefore, equal, since the polye- 
4^n is regular, and each diedral angle is equal to any other diedral angle. 
Also, the lines Ky, NH^ HM^ and ML are equal, being apothems of 
equal polygons. Oonsequently, the triangles KNH and HML are equal 




isosceles triangles, and KH is equal to HL, and the angles NKH, NHKy 
MHLy and MLH are all equal. 

The angles O^iVand OHM are right angles; therefore, taking equals 
from equals, the angles OHKaad OHL are equal Consequently, OKH 
and OHL are equal triangles (Euc, 4, 1., Ch. 20, L), and OK is equal to 
OX, and the angle OKH is equal to the angle OLH. Adding equals to 
equals, the angle OKN\& equal to the angle OLM\ but the angle OKM 
is a right angle, therefore the angle OLM is a right angle, and OL is 
perpendicular to the face FOBS at its middle point (Ch. Art. 49, YL). 

OiOTand OHNare equal, being right angles, and NKH and NHK 
are equal, being angles at the base of an isoceles triangle ; therefore 
OKH and OHK are equal angles, and the sides OK and OH are equal; 
but OK was proved equal to OL ; tlrcrefore OK^ OH^ and OL are equal 
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to each other, and the faces ABCB^ CDOF^ and ORSFbx^ all equally 
distant from the pomt O, 

In the same manner it may be prored that the lines from O to the 
centres of the other faces of the polyedron are perpendicular to those 
faces respectively, and are equal to each other and to the lines OK^ OH^ 
and OIm If, therefore, with O as a centre, and one of these lines as a 
radius, a sphere be described, it will touch all the faces of the polyedron 
(Ch. Art 43, VIII.), and will be inscribed in the polyedron. 

If the polyedron be divided into pyramids, having their vertices at O, 
and their bases the faces of the polyedron, tJ^ese pyramids win all he equal 
(Gh. Art. 66, YII.)i ^^^ ^^^ common altitude wiU be the radiua of the sphere 
inscribed in the polyedron. 

(ft) Let the figure represent one of the polyedral angles, G^ of the 
polyedron, DGF, DQR^ and RFQ being the equal face angles which form 
it If Wy H, and L be the centres of the faces, and the lines WO^ UGy 
and LG be drawn, the face angles will be bisected (Ch. Art 8, V.). 

If planes be passed through these lines, and O the centre of the in- 




scribed sphere, a number of equal diedral angles will be formed on OG^ 
each of which is equal to the diedral angle MGOH, As the sum of these 
angles equals four right angles, or, in degrees, 860°, any one of them, as 
HGOM^ will be equal to 860° divided by twice the number of the faces 
which form the polyedral angle. Denoting by m the number of the faces 

^ xr^^,-- 860° 180° 

at G, HGOM= = 

2m m 

(c) If planes were passed through ^0, and each of the yertices of 

the face CDGFE^ there would be formed about HO a number of equal 
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360' 
diednd angles, the measure of each of which would be , if fi denotes 

the number of the ndea of the regular polygons, which are the faces of the 

polyedron. The diedral angle GOffM would be one-half of one of these 

360° 180' 
equal angles, and its measure would be -^r- = ~~^' 

The two triangles HMO and LMO are equal, since they have three 
sides of one equal to three sides of the other, each to each ; therefore, the 
angle UML is bisected by the straight line OM. HML measures the 
inclination of any two adjacent faces of the polyedron, and HMO is 
half of that angle. 

{d) From O as centre suppose a sphere to be described with radius 
OA. Then VBA would be a right-angled spherical triangle (Art. 104), 
for the plane HMLO is perpendicular to the line OF^ and therefore to 
the plane GOF. 

By Napier's rule, cos. A = sin. Fcos. ^^^(Art. 115); 

180° 
but A = the diedral angle HGOM = ---- ; 

180° 
r= the diedral angle GOHM— ; 

.9 r measures the angle HOM^ which equals 90° — HMO ; 
therefore, cos.BV= cos. (90° - HMO) = sin. HMO (Art 6); 
substituting in first equation — 

180° 180° 

. • . cos. = sin. X sin. HMO. therefore 

m n ' 

180° 



cos. 



m 
(e) sm. HMO = - 



180° 
sin. 



n 

180° 



HMzn GM cot. GHM{(^) Art. 31)= G'Jf cot. 



n 
(/) 0H= HMtm, HMO = GM cot tan. HMO, 

By (e) the angle HMO can be found, and by (/) 
the line OH^ which is the radius of the sphere inscribed 
in the polyedron. 
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The swrfaoe of the polyedron can be found by Art. 
171, since the surface is composed of regular polygons* 

The vohmie of the polyedron is equal to the sum of 
the pyramids, having their vertices at O ; that is, is equal 
to ^ OH X the surface of the polyedron (Ch. Art. 64, 

vn.). 

Example 1. The lateral edge of a regular dodecaedron is 4 inches. 

Required its yolume. 

6 
m = S : fi = 6 ; OFz=i 4. Area of surface = 12 x 4' x - cot. 86" 

180° Vol. = J^ X 2 cot. 86° tan. 68° 16' 57* 

Sin. HMO=^— __co8^ x 12 x - x 6 cot. 86° 

em. 180° sin- 86° 4 

~5~ = 160 cot.« 86° tan. 58° 16' 61' 

Log. cos. 60° = 9.698970 Log. 160 = 2.204120 

Log. sin. 86° = 9.769219 2 Ic^. cot. 36° = 20.277478 
Log.8in.68°16'57' = S:SmS Log- tan. .'>8° 16^ 57' = 10.208987 

. • . HMO — 68° 16' 57' Log. 490.44 = 2.690686 

OH = HM tan. HMO Vol. = 490.44 cu. in. 
= GM cot: Omf tim. HMO. 
= 2 cot. 36° tan. 58° 16' 57' 

2. What is the angle of inclination of two adjacent faces of a regular 
octaedron ? Required the volume if the edge is 1 inch. 

Ans, (by logarithms). Angle = 109° 28' 16'. Vol. = 0.4714 cub. in. 

3. Required the angle of inclination of two adjacent faces of a regular 
tetraedron. What is the yolume if an edge is 10 inches ? 

Ans. Angle = 70° 31' 48.4'. Vol. = 117.86 cub. in, 

4. Required the angle of inclination of two adjacent faces of a regular 
icosaedron. Required also the volume when the edge is 1 inch. 

Ans. Angle = 138° 11' 22.6'. Vol. = 2.1817 cub. in. (nearly). 

250. Let the figure represent the earth, P WAP'E^ 
surrounded by the celestial sphere. 

(a) If the axis PP' be produced to meet the sur- 
face of this (imaginary) sphere, the points /? and jp' at 
which the axis meets it are called the celestial poLeB^ 
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and the line pp' }& called the ama of the celestial 

sphere. 

I 




(S) The plane of the equator, WDE, produced, in- 
tersects the celestial sphere in the celestial equator, wSe. 

{c) The planes of the meridians FJEP\ PDF', in- 
tersect the celestial sphere in great circles jpep\ pTp\ 
which are called hour circles. 

Since the earth revolves upon its axis once in twen- 
ty-four hours, every point on a celestial meridian would 
appear, to an observer on the earth's surface, to move 
through a complete circumference, or 360°, during that 
time. If, now, the celestial meridians are drawn at in- 
tervals of 15° (on the equator), there will be 24 such me- 
ridians. Since the time in which dU these meridians 
pass by an observer is 24 hours, the interval of time of 
passage between two successive meridians will be one 
hour, since 24 of them pass by him in 24 hours. If 
meridians are drawn at intervals of 1°, the interval of 

X- 4! t4. I. -J- -111. 60 minutes 

time of passage of two such mendians will be zrz , 

13 15 ' 
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or 4 minutes. Thus, the passage of these meridiaiis or 
of points on thein being measured by time or degrees, 
we can convert one measure into the other. 

{d) The angles made by these meridians at^ and^^ 
are called hour^angles, and these angles are measured by 
the arcs which they intercept on the arc of the equator 
wSe (Ch. Art. 57, VIII.). 

{e) The celestial horizon of any place, on the earth's 
surface, is the circle made by a plane passing through the 
centre of the earth parallel to the plane of the horizon 
at that place, and intersecting the celestial sphere. 

The celestial horizon of the point L ia IISK, 

{f) If a straight line be drawn from the centre, (7, 
to Z, and this line be produced through L to meet the 
celestial sphere at Z, I will be the zenith of Z / Ip will 
measure the zenith diatcmce of Z, and le will measure 
the celestial latitude of Z. The zenith distance is the 
complement of the celestial latitude. The degree meas- 
ure of the celestial latitude is the same as that of the 
terrestrial latitude^ since they both subtend the same 
angle at the centre of the earth. Thus, le and LE both 
subtend the angle LGE. 

ig) The declination of an object in the heavens is 
its distance from the celestial equator measured in de- 
grees, minutes, and seconds of a celestial meridian, and 
is + if north but — - if south of the equator. 

Thus, in the preceding figure, TR is the south declination of the 
point R. 

(h) The path in the heavens in which the sun, to an 
observer on the earth, appears to move during a year, is 
nearly a great circle, and is called the ecliptic. The 
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plane of this circle is inclined to the plane of the celes- 
tial equator at an angle of 23° 27' (nearly). The two 
points in which these circles intersect are called equv- 
noctial points, or simply the equinoxes. At these points, 
the sun being on the equator, its declination is 0®. At 
the two points, each 90° (on the ecliptic) from the equi- 
noxes, its declination is 23° 27' (Ch. Art. 57, VIII.). 
At one of these points it has a N. declination, and at 
the other a S. declination. At intermediate points its 
declination varies from 0° to 23° 27', and is N. or S. 
according as it is in the part of the ecliptic which is N. 
or S. of the equator. 




251. To jmd the time of sunrise or sunset for a 
given day at any place on the earth, the latitude of the 
place and the sun^s declination for the day being ffi/ven. 

(a) Let the figure represent a half of the celestial 
sphere, the observer being at 0, and looking on the con- 
cave surface of the celestial sphere. 

Suppose P and P' to be the celestial poles. 
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Let HEA be the horizon of the point (?. 

Suppose the plane which bisects the sphere to pass 
through the zenith, Z, of the point (?. If from O a 
perpendicular be drawn to this bisecting plane, and if 
the point E where this line insersects the celestial sphere 
be the east point of the horizon, then E will be at 
a quadrant's distance from each point of the circle 
HPZQA (Ch. Arts. 27 and 37, VIII.). ^ is 6 hours, 
or 90^, from Z {{c) Art. 250). 

Through O draw ZQj the diameter of the equator. 
PO is perpendicular to OE and OQj and therefore to 




their plane (Ch. Art. 13, YI.). Therefore, the plane of 
the equator will be this plane, and the arc of the equa- 
tor, LEQ, will pass through Ej the east point of the 
horizon. 

Let PEP' be the six o'clock hour-circle; that is, 
the meridian which is on the horizon at six o'clock. 

Let D be the position of the sun at its rising, when its 



ASTRONOMY. 293 

declination, i?C, is north ; let S be its position when its 
declination, KS, is south ; and let PDCP\ and PESP' 
be hour-circles through these two positions. The an- 
gles at K and C are right angles (Ch. Art. 58, VIIL), 
and CD and KS measure declination ((j^) Art. 250). 

The angles DEC and KE8 are equal, and are each 
measured by ZH(Gh. Art. 57, YIII.)? or AQ which is 
AZ—QZ, or the complement of the latitude {{/) 
Art. 250). 

In the right-angled triangle DEC we have DC and 
DEC given to find CE; or, in SEE, SEznd SEE are 
given to find EE. 

Sin. CE= cot. E tan. CD (Art. 115) 
= tan. lat. x tan. declination. 

CEamd EE both measure, in degrees, the distance 
of the hour-circle on which the sun appears on the hori- 
zon from the six o'clock hour-circle. Converting the 
degree measure into hours and minutes, we subtract the 
result from 6 hours for the time of sunrise if the given 
latitude and given declination are both north or both 
south, but add the result to 6 hours if one is north and 
the other south. 

Thus, ZC=LE— CE when the sun is at i>, but X^=i^+ EK 
when the sun is at 8, 

The solution of the problem has been given only for 
the time of sunrise. The solution is similar for the 
time of sunset, and the result is the same ; but the rule 
for applying the result to 6 hours is the reverse of that 
for sunrise ; that is, the result is to be added to 6 hours, 
if the given latitude and the given declination are both 
north or both south, but to be subt/racted from 6 hours, 
if one is north and the other south. 
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This method allows nothing for the effect of refraction, by which the 
sun is made to appear above the horizon, while it is really below it. It 
is a method, also, which gives only the time of appearance of the sun's 
centre on the horizon. The following method gives a result in which 
allowance is made for refraction, and which gives, also, the time of ap- 
pearance of the sun's upper limb (or upper edge). 

(J) The distance of the sun's centre to its outer rim 
is, in angular measurement, 16'. The allowance to be 
made for refraction is 34'. Now, on the figure, ZD is 
90® ; therefore the distance from Z to the point where 
the sun first becomes visible is 90® 50'. Call this 
point 2>'. 

In the previous case we calculated the arc of the 
equator intercepted between two meridians. By this 



X^ 


r>>\ 


PjC - 
/ *• >.^ 
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method we calculate the angle, at the pole P, between 
the hour-circle on which the sun lies at the time of its 
appearance and the 12 o'clock or zenith circle PZO ; 
that is, we calculate the hour-angle CPQ. 

In the triangle D'PZ^ PZ is known, being the 
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complement of the latitude ; PD^ is also known, being 
the distance from P, and is 90® ^ the declination (the 
upper or lower sign being taken according as the dec- 
lination is of the same name with the pole P, or of 
an opposite name.) 

ZD' = 90° 50'. 

Leti?'P = S; PZ = (?; andi>'Z=a; 

_ ^ « + J + ^ 
Let % = ^ ; 

thentan,iP = tan.i^= /g^'("-^)^^^'(^-"I 

y sin. « sin. (» — a) 

(Art. 155). 

Examples under this article give results only for apparent solar time, 
and in the first method without regard to refraction. To obtain rcsulte 
for wjean solar time (ordinary time) a correction must be applied, due to the 
difference between apparent and mtan time. A discussion of the prin- 
ciples on which corrections are applied belongs to astronomy. Nothing 
more is attempted here than the application of spherical trigonometry to 
the solution of the problem given at the beginning of the article. 

E2LA.MPLB 1. In lat. 41° 18' N. on a given day the sun's declination is 
li** 44' 45' N. What is the time of the sun's rising (by the first method) ? 

Denoting by x the quantity to be subtracted from 6 hours; 

Sin.a; = tan. 41" 18' x tan. 41* 44' 46' ; 

. • . a; = 13° 22' 9' ; 

= 53.48 minutes of time. 

Time of sunrise = 6 h. — 63.48 = 6 h. 6.52 m. 

2. In lat. 41° 46' N. on a given day the sun's declination is 16° 26' S. 
Required the time of sunrise (by the first method). Am, 6 h. 67 m. 

3. In lat. 41° 29' N. (on a given day) the sun's declination is found to 
be 16° 26' N. Required the time of sunrise (by the second method). 

Am. P = 106° 19' 20', the hour-angle measured from the zenith or 
12 o'clock hour circle. Taking this from 180°, we have 73° 40' 40', which 
gives 4 h. 64.7 m. as the time of sunrise. 

4. At Philadelphia, in lat. 39° 67' N., on a given day the sun's declina- 
tion is observed to be 13° 48' S. Required the time of sunset. In this 
example, as the declination is S., the side PD' in the figure for the second 
method is 90° + 13° 48'. Ana. 6 h. 17.07 m. 
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